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Try not to become a man of success but rather try to become a man of value. 
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Duality Theorems of Multiobjective 


Generalized Disjunctive Fuzzy Nonlinear Fractional Programming 


E.E.Ammar 


(Department of Mathematics, Faculty of Science, Tanta University, Egypt) 
E-mail: amr.saed@ymail.com 


Abstract: This paper is concerned with the study of duality conditions to convex-concave 
generalized multiobjective fuzzy nonlinear fractional disjunctive programming problems for 
which the decision set is the union of a family of convex sets. The Lagrangian function 
for such problems is defined and the Kuhn-Tucker Saddle and Stationary points are char- 
acterized. In addition, some important theorems related to the Kuhn-Tucker problem for 
saddle and stationary points are established. Moreover, a general dual problem is formulated 


together with weak; strong and converse duality theorems are proved. 


Key Words: Generalized multiobjective fractional programming; Disjunctive program- 


ming; Convexity; Concavity; fuzzy parameters Duality. 


AMS(2010): 49K45 


§1. Introduction 


Fractional programming models have been became a subject of wide interest since they provide 
a universal apparatus for a wide class of models in corporate planning, agricultural planning, 
public policy decision making, and financial analysis of a firm, marine transportation, health 
care, educational planning, and bank balance sheet management. However, as is obvious, just 
considering one criterion at a time usually does not represent real life problems well because 
almost always two or more objectives are associated with a problem. Generally, objectives 
conflict with each other; therefore, one cannot optimize all objectives simultaneously. Non- 
differentiable fractional programming problems play a very important role in formulating the 
set of most preferred solutions and a decision maker can select the optimal solution. 

Chang in [8] gave an approximate approach for solving fractional programming with absolute- 
value functions. Chen in [10] introduced higher-order symmetric duality in non-differentiable 
multiobjective programming problems. Benson in [6] studied two global optimization problems, 
each of which involves maximizing a ratio of two convex functions, where at least one of the two 
convex functions is quadratic form. Frenk in [12] gives some general results of the above Benson 
problem. The Karush-Kuhn-Tucker conditions in an optimization problem with interval-valued 
objective function are derived by Wu in [29]. 


1Received December 09, 2010. Accepted May 8, 2011. 
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Balas introduced Disjunctive programs in [3, 4,]. The convex hull of the feasible points has 
been characterized for these programs with a class of problems that subsumes pure mixed integer 
programs and for many other non-convex programming problems in [5]. Helbig presented in [17, 
18] optimality criteria for disjunctive optimization problems with some of their applications. 
Gugat studied in [15, 16] an optimization a problem having convex objective functions, whose 
solution set is the union of a family of convex sets. Grossmann proposed in [14] a convex 
nonlinear relaxation of the nonlinear convex disjunctive programming problem. Some topics 
of optimizing disjunctive constraint functions were introduced in [28] by Sherali. In [7], Ceria 
studied the problem of finding the minimum of a convex function on the closure of the convex 
hull of the union of a finite number of closed convex sets. The dual of the disjunctive linear 
fractional programming problem was studied by Patkar in [25]. Eremin introduced in [11] 
disjunctive Lagrangian function and gave sufficient conditions for optimality in terms of their 
saddle points. A duality theory for disjunctive linear programming problems of a special type 
was suggested by Gon?alves in [13]. 


Liang In [21] gave sufficient optimality conditions for the generalized convex fractional 
programming. Yang introduced in [30] two dual models for a generalized fractional program- 
ming problem. Optimality conditions and duality were considered in [23] for nondifferentiable, 
multiobjective programming problems and in [20, 22] for nondifferentiable, nonlinear fractional 
programming problems. Jain et al in [19] studied the solution of a generalized fractional pro- 
gramming problem. Optimality conditions in generalized fractional programming involving 
nonsmooth Lipschitz functions are established by Liu in [23]. Roubi [26] proposed an algorithm 
to solve generalized fractional programming problem. Xu [31] presented two duality models for 
a generalized fractional programming and established its duality theorems. The necessary and 
sufficient optimality conditions to nonlinear fractional disjunctive programming problems for 
which the decision set is the union of a family of convex sets were introduced in [1]. Optimal- 
ity conditions and duality for nonlinear fractional disjunctive minimax programming problems 
were considered in [2]. In this paper we define the Langrangian function for the nonlinear gen- 
eralized disjunctive multiobjective fractional programming problem and investigate optimality 
conditions. For this class of problems, the Mond-Weir and Schaible type of duality are proposed. 
Weak, strong and converse duality theorems are established for each dual problem. 


§2. Problem Statement 


Assume that N = {1,2,---,p} and K = {1,2,--- ,q} are arbitrary nonempty index sets. For 
i€ N, let gi: R” > R be a vector map whose components are convex functions, gi(x) < 0, 
1 <j <m. Suppose that fit®, hitm+* : R"+d — r are convex and concave functions for 
i€N,k EK, r=1,---,s respectively, and nik (x, Dy) > 0. Here, these Gir, bp, r=1,2,---,m 
represent the vectors of fuzzy parameters in the objectives functions. These fuzzy parameters 
are assumed to be characterized as fuzzy numbers [4]. 


We consider the generalized disjunctive multiobjective convex-concave fractional program 
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problem as in the following form: 
. q oe, Ge) 
GDFFVOP(i) inf max ¢ ~~, r=1,2,---,s5?, (1) 
weZ; keK | ik (ax, by) 
Subject to xE€Zi, ieN, (2) 


where Z;={x €R”: gi(x) <0, j =1,2,---,m}. Assume that Z; #0 for ie N. 
Definition 1({1]) The a-level set of the fuzzy numbers a and b are defined as the ordinary set 
Sa (a, b) for which the degree of their membership functions exceeds level a: 

Sa(@, b) = {(a,b) € Rar (ar) Gy PH 1,204, Mp, 


For a certain degree of a, the GDF VOP(i) problem can be written in the ordinary following 


form [11]. 
Lemma 1((7]) Let a*, 8", k € K be real numbers and a* > 0 for each k € K. Then 


BF 
“ee > ick : (3) 
keK ak ~ S* ak 
kek 


By using Lemma 1 and from [9] The generalized multiobjective fuzzy fractional problem 


GDFFVOP(i) may be reformulated [3] as in the following two forms: 


GDFFNLP (i,t, a): 


tt fr" (x, ar) 


Me 
Mr 


, (dr, bp) € Sa(G,b),r =1,2,---,m$, 


Il 
un 
> 
Il 
un 


inf inf 


tEN 2E€Z;(S) tkhit* (x, by) 


Me 
Mr 


i 
un 
> 
Il 
un 


where t* € R4.. Denote by 


tt fe (a, ar) 


Mr 


’ (ay, by) € Sa(a,),7 = 1,2,-- ia 


8 
‘a 
N 


a3 
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o 
i 
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thhi* (a, br) 
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un 
> 
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un 


the minimal value of GDFFNLP(?,¢, a), and let 
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N 
" 
Me |i 
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Mays» 
oH oH 
> ra 
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> 
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be the set of solutions of GDFFNLP(i,t,a). The generalized multiobjective disjunctive fuzzy 


fractional programming problem is formulated as: 


Me 
Mr 
eH 
cod 
35. 
com 
— 
8 
=) 
3 
WY 
— 
ol 
wa 


i 
un 
> 
Il 
an 


GDFFNLP(E, a) : inf inf 
iEN xEZ 


Me 
M> 
‘a 
> 
Soe 
ead 
= 
8 
S 
Macca 


Il 
Mn 
> 
ll 
un 
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where t® €R1,k €K and Z= VU Z; is the feasible solution set of problem GDFFNLP(t, a). 
ieN 
For problem GDFFNLP(t, a), we assume the following sets: 


(I) M= inf M; is the minimal value of GDFFNLP(t, a). 
ve 


s Kk 
» = t* f*(@; Ge) 
(II) Z* = ¢xeEZ:WET(X), inf = — = M > is set of these of solutions 
2 Pa ibe) 
r=lk=1 
on the problem GDFFNLP(t,a), where IJ = {ie I’: 2€ Z},l'’={ieN: Z* #0} and 


= {1,2,---,a} C N. Problem GDFFVOP(t, a) may be reformulated in the following form: 


GDFFNLP (t, a, d): 


s K s Kk 
inf inf {F *(x,t, d’, a, b) =) Se ane (x, Gr) “8S Hated (6) 


r=1k=1 r=lk=1 
where 

s Kk ; 

Ss pS iP Gy) 
>0, tel. 


See 
> au tkhik (a, by) 


We define the Lagrangian functions of problems GDFFNLP(t, a,d) and GDFFNLP(t, a) [21, 
24, and 25] in the following forms: 


GL' (a, \',a,b) = Fi(a,t,d',a,b) +A S— Agi (a) (7) 
j=l 


and 


ss x«K : m a 
ul 5 tk FF(@, ap) + 5 Ai gi(a) 
L'(x, u, X', a,b) = eS SS (8) 


s Kk 
ui D2 HAE, br) 


where \i > 0 and u' > 0, i € J are Lagrangian multipliers. Then the Lagrangian functions 
GL (a, A, a,b) and L(x, u, A, a,b) of GDFFNLP(t, a, d) are defined by: 


GL(a, d,a,5) = inf GL'(x, X',a,b) = inf ) F'(@,t.d',a,b) +) X95 (2) (9) 
and 
s Kk te es m 
uf YL AGM, ar) + Xg5(@) 

—_ a a _ ae r=1k=1 I= 

L(z,u,A,a,b) = inf L (x, u, ', a,b) = inf e K ’ (10) 
ub > So thik (a, b,) 
r=lk=1 


where x € Z, t* €R4, ue R4 and \€ R§ are Lagrangian multipliers, respectively. 
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§3. Optimality Theorems with Differentiability 


Definition 3.1 A point (x°,°,a@,b)) in R'+?+?™ with )) > 0 is said to be a GL-saddle point 
of problem GDFFNLP(t,a,d) if and only if 


GL(z°,d, a,b) < GL(a°, °,a°, b°) < GL(z, d°, a", b°) (11) 
for all withx € R"*? and € RY". 


Definition 3.1 A point (°,u°, \°) in R™+?t™, with u° > 0 and X° > 0 is said to be an L-saddle 
point of problem GDFFNLP(t, a) if and only if 


for all witha €E R"*?, wE RT andXE RT. 


The proof of the following theorems follows as in [3). 


Theorem 3.1(Sufficient Optimality Criteria) Jf for d°’ > 0 the point (x°,u°, X°, a°, b°) is a 
saddle point of GL(x,,a,b) and F*(a,t,d,a®, b°), g(x) are bounded and convex functions. 
Then x° is a minimal solution for the problem GDFFNLP(t, d). 


Corollary 3.1 If the point (x°, u°, \°, a°, b°) is a saddle point of L(x, u, 1) and F*(zx,t, d’,a°, b°), 
9; (a) are bounded and convex functions. Then x° is a minimal solution for the problem 
GDFFNLPtt, a). 
The proof is follows similarly as proof of Theorem 3.1. 
Assumption 3.1 Let F*(x,y,d’,a,b) = 0 be a convex function on Conv Z ( Z = J ). If for 
tel 
all x € Conv Z, the functions F*(z, t°, d®, a°, b°) — F*(x®, t°, d%,a°,b), x29 € Conv Z,ie T, 
t? € R4 and (a°, b°) € R?™ are bounded, then inf { F*(x, t°, d™, a®, b) — F#(x°, t°, d™, a°, b)} is 
ve 


a convex function on Conv Z. 

Proposition 3.1 Under the Assumption 3.1, and if the system 
inf F(a, t°, d™, a®, b) = pd ak bye 0, 
1E 


9; (a) <0 for at least oneiel 


has no solution on Conv Z, then AA° € Ry, A ER™, (A°, A) > 0 and t? € R41. such that 


m 


0; if, 40 Oi 0 20) 1 + Oi gi(p) > 
point F'(a,t°,d™,a",b +n g(x) 20 
fe 


for Vx € Conv Z. 
Corollary 3.2 With Assumption 3.1, g; (x), i€ I, 7 =1,2,---,m satisfy the CQ and x° is 


an optimal solution of problem GDFFNLP(t, a), then there exists u° > 0 and »° > 0 such that 
(x°, t°, \°, a°, b°) is a saddle point of L(x®, t°, X°, a®, b°). 
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The proof is follows similarly as proof of Theorem 3.2. 


§4. Optimality Theorems without Differentiability 


Definition 4.1 The point (x°, \°,a°,b°), 2 €x ER", \°,a°,b° € R®”, if they exist such 
that 


VeGL (a? d°,a°,b°) = 0, 2°VeGL(a", \°,a°, 6°) =0, (13) 
VasGLh(a®, \°,a°, 6°) > 0, MV GL(2", r°, a°, 6°) = 0, (14) 
S > Aj'95 (2°) =0, dF > 0, ie], j=1,2,---,m. (15) 
j=l 


is could Kuhn- Tucker stationary point of problem GDFFNLP(t®, a°,d°). Or, equivalently, 


Ve inf {F*(0°, 0°, d™, 0°, b°) + Ajgi(@")} =0, tel, (16) 
ge )=0, wel, gH 1,2... 5m, (17) 
SD Gey =O, 2 SO, ie, j=1,2,---,m. (18) 
j=l 


Definition 4.2 The point (x°,u®, A°,a°,b°), ce RVtPt?™, we RY andrA ER", if they exist 
such that 


Velie we Oe OS 8, OV TE i oe ae =O, (19) 
Vil Ae eas, be 0, uV L(x", u®, A°, a°, 6°) = 0, (20) 
Vila usd a,b?) =O, pPVL(x°, u®, A°, a°, b°) = 0, (21) 
SM ee a0, AES 0 ie], j=1,2,---,m. (22) 
j=l 
is could Kuhn- Tucker stationary point of problem GDFFNLP(t®, a°). Or, equivalently, 
poy SS jon pix 0 SX Oi pi (0 
uO 39 AOE (a2, 0) + Se AY gf(2°) 
Ve inf oo =r, (23) 
aE pees : 
uo S> SD thik (x9, 6°) 
r=1k=1 
g;(x°) <0, rel, J =1,2,---,m, (24) 
SON ge) S20; AE 0, i€L, j7=1,2,---,m. (25) 
j=l 


The proof of the following theorem follows as in [3]. 


Theorem 4.1 Assume that F'(zx,t,d',a,b), g3(x), i7€ TT, 7 = 1,2,---,m are convex differ- 
entiable functions on Conv S. If F*(x,t,d',a,b) and gi(x) are bounded functions for each 
x €Cov S and g(x) satisfy CQ fori € I, then x° is an optimal solution of GDFFNLP(t, a, d) 
if and only if there are Lagrange multipliers ° € R?*™, X > 0 such that (13)-(15) are satisfied. 
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Corollary 4.1 Suppose that F'(a,t,d',a,b), gi(x), i € I, j = 1,2,--+,m are convex dif- 
ferentiable functions on Conv S. If F'(x,t,d',a,b) and gj(x) are bounded functions for each 
xz € Cov S and 9; (x) satisfy CQ fori € I, then x° is an optimal solution of GDFFNLP(t, a, d) 
if and only if there are Lagrange multipliers u° > 0, \>0, ue R4 and \° € RP*™ such that 
(19)-(22) are satisfied. 


The proof is follows similarly as the proof of Theorem 4.1. 


Theorem 4.2 Assume that F'(x,t,d’,a,b) is a pseudoconvex function at x € Conv S and that 

YS Ajgj(a) is a quasiconver function. If F'(a,t,d') and gi (x) are bounded functions for each 

j= 

a € Conv S, and if the equations (28)-(30) are satisfied for tinR’ and \° ¢ RE*™, then x° is 

an optimal solution of GDFFNL(t, a, d). 

Corollary 4.2 Assume that F*(x,t,d',a,b) is a pseudoconvex function at x € Conv S and 

that > Ngi(x) is a quasiconver function. If F'(x,t,d',a,b) and gi(x) are bounded functions 
jJ= 

for each x € Conv S and there exists u° ¢ RK and X° € R4E*™ such that equations (16)-(18) 

are satisfied, then x° is an optimal solution of GDFFNLP(t, a, d). 


The proof is follows similarly as proof of Theorem 4.2. 


§5. Duality Using Mond-Weir Type 


According to optimality Theorems 4.1 and 4.2, we can formulate the Mond-Weir type dual 
(M-WDGF) of the disjunctive fractional minimax problem GDFFNLP(t, a, d) as follows: 


s kK s kK 
M-—WDGF max sup (2 50, Da, = >, Soi a) = DIS. de ONG, ») , (26) 


ER? ; 
eae ee r=1k=1 r=1k=1 


where 
t* fi" (y, a) 

>0, wel. 
tk hiv (y, 0) 


Me 
M> 


] 

I 
: 
i 
a 
om 
i 
aa 


M« 
Mr 


Il 
un 
> 
Il 
un 


Problem (M-WDGF) satisfies the following conditions: 


sup Vy {H(y.t, Do a,b) +) Asg5(u)} = 0. (27) 
ve 
YONGY)H=0, ASO, Cel, j= 1,2,---5m, (28) 
j=l 

s kK ; ; s K ; ; 
SOS ya) —D'S Se niky,b) 20, i€1, D'>0. (29) 
r=l1k=1 r=lk=1 


Theorem 5.1(Weak Duality) Let x be feasible for GDFFNLP(t,a,d) and (u,A,t,a,b) be 
feasible for (M-WDGFD). If for all feasible (y,,t,a,b), H'(y,t,a,D,a,b) are pseudoconver 
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for each i € I, and yy ri.95(y) are quasiconver for i € I, then inf(GDFFNLP(t,a,d)) > 
= 
sup(M —WDGF). 


Proof If not, then there must be that 


s K s Kk 
of og (SE eseey ee Ante 


F=TKET 1 
s kK s kK 
asia (> Srey) - Dy yen) | 
vel yeR” \Or1 k= r=1lk=1 


Hence, for i € I, we get that 
s Kk ; 8 kK , s Kk ; 8 K ; 
Sere ty Sere) yw yy ew: (30) 
r=1k=1 r=1k=1 r=1k=1 r=1k=1 
and by the pseudoconvexity of H*(y,t,D), (30) implies that 
s Kk ; 8 K : 
Ng (> ery) -DIy Sy ro) <0. (31) 
r=1k=1 r=1k=1 
Equation (31) implies that 
s K ; 8 K ; 
sup sup (« ~ y)'V (>: Saw =D >: np) <0. (32) 
vel yeRr r=lk=1 r=lk=1 
From equation (27) and inequality (32) it follows that 


sup ¢ (x — y)’Vx Y wsito >0. (33) 


161 


y (26), inequality (33) implies that 


sp Yorgi = sup e4gh(e) > 0. 
4E 


ve j= nl 


Then s uigi(x) > 0, which contradicts the assumption that x is feasible with respect to 


j= 
GDFFNLP(, a, d). 


Theorem 5.2(Strong Duality) Jf x° is an optimal solution of GDFFNLP(t,a,d) and CQ 
is satisfied, then there exists (y°, \°,t°,a°,b°) € R™*™ is feasible for (M-WDGF) and the 
corresponding value of inf(GDFFNLP(t,a,d)) =sup(M@ —-WDGF). 


Proof Since x° is an optimal solution of DGFFNLP(t®, a°, d°) and satisfy CQ, then there 
is a positive integer \%" > 0, i € I, 7 = 1,2,--+ ,m such that Kuhn-Tucker conditions (27)-(29) 
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are satisfied. Assume that \° = 7~'\* in the Kuhn-Tucker stationary point conditions. 


follows that (y°, \°, t°, a°, b°) is feasible for (M-WDGF). Hence 


K ; K ; 
> FE, 0°) CEE 
Oe = sup — 
; K ; K 
SY xs tenie(a,09) | | SD YS nM Y?, 69) 
r=l1k=1 r=lk=1 


Theorem 5.3(Converse Duality) Let x° be an optimal solution of DGFFNLP(t® 


pseudoconvex at y*, then y* = x° is an optimal solution of GDFFNLP(t, a, d). 


It 


a, d°) and 
CQ is satisfied. If (y*,u*) is an optimal solution of (M-WDFD) and H*(y*,t*, D*) is strictly 


Proof Let x° be an optimal solution of DGFFNLP(t°, a°, d°) and CQ is satisfied. Assume 


that y* 4 x°. Then (yx, u*) is an optimal solution of (M-WDGF). Whence, 


inf inf F*(2°, t°, d) = sup sup H* he Das 
eure Cr ee ee 


Because (y*, *) is feasible with respect to (M-WDGEF), it follows that 
So sgh (2°) < Sus gily"). 


Quasiconvexity of » us"g’(x) implies that 


sup(x° — y* De Von <0. 


tet 
From (34) and (35), it follows that 


sup(2° — y*)\VyHi(y*,t, DD \e0; 
i€i 


From (36) and the strict pseudoconvexity of at y*, it follows that 


sup Vz F*(2°, t°, d*) > sup VyH'(y*, t*, D™). 
i€i i€i 


This contradicts to (35). Hence y* = x° is an optimal solution of DGFFNLP(t® 


§6. Duality Using Schaible Formula 


The Schaible dual of GDFFNLP(t, a, d) has been formulated in [27] as follows: 


(SGD) max OD, 
(yW)ERrr™ 


ya): 


(34) 


(35) 


(36) 
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where (y, 1) € R” x R' satisfying: 


sup Va yer) - DS Hay )+ Laie = 0, (37) 
So uigi(y) 20, te], (38) 
j=l 
K 
Soe f(y) —D' 3 Phy i € i, (39) 
k=1 
D'>0 and geo @et, 9 =152;-+: ,m. (40) 


Theorem 6.1(Weak Duality) Let x be feasible with respect a GDFFNLP(t,a,d). If for all 
feasible (y, 11), sup H'(y,t,d) is pseudoconver at u and sup by bigi ‘(y) is quasiconver, then 
inf GDFFNLP(t. a,d) > sup(SGD). 


Proof For each i € I, suppose that 


kK es 
pas lO) 


k=1 


de thik (y) 
k=1 


Hence, for each y € R” and i € J, we get that 


K ; ; K ; 
DoE FEY) — DED ERY) <0 
k=1 k=1 


Therefore, 


K 
sup > t* f* (y) — Di S- a) <0. (41) 
k=1 


tel 


From (39) and (41) with t 4 0, we have 


K K K K 
(>: t* f** (2) _ di > #n)) < (>: tf f®(y) _ Dye) ; 
k=1 k=1 k=1 k=1 


By the pseudoconvexity of sup H*(y,t, D) at u, it follows that 
i€l 


a K 
. (>: f(y) py ent) <0. (42) 
k=1 ak 


Consequently, (38) and (42) yield that 


WH Vegi (y) > 0. (43) 
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and, by the quasiconvexity of 2 LM; ‘oily ), inequality (43) implies that 


‘2 wi g(a ee 3 W595 (y (44) 


ye, igi (x) > 0. (45) 


But, from the feasibility of « € S and wi > 0, i € I, 7 = 1,2,---,m, (1) implies that 
x uigi(x) <0, this contradicts (45). Hence, 


K 
So RFR (y) 
=a 2 D', 


> hi*(y) 


k=1 
,infGDFFNLP(t,a,d) > sup(SGD). 


Theorem 6.2(Strong Duality) Let x° be an optimal solution of GDFFNLP(t,a,d) so that 
CQ is satisfied. Then there exists (y°,u°) is feasible for (SDD) and the corresponding value 
of inf GDF FNLP(t,a,d) = sup(SDD). If, in addition, the hypotheses of Theorem 6.1 are 
satisfied, then (x°, u°) is an optimal solution of (SDD). 


Proof The proof is similar to that of Theorem 5.2. 


Theorem 6.3(Converse Duality) Suppose that x) is an optimal solution of GDFFNLP(t, a, d) 
and 9; (a) satisfy CQ. Let the hypotheses of the above Theorem 6.1 hold. If (y*, u*) is an optimal 


0 


solution of (SDD) and is strictly pseudocovex at y*, then y* = x° is an optimal solution of 


DGFFNLP(t®, a°, d°). 


Proof Assume that y* 4 x°, x° is an optimal solution DGFFNLP(t°, a°,d°) and try to 
find a contraction. From Theorem 4.2, for each 7 € J, it follows that 


k=1 — 40% 
Rug, (46) 


By quasiconvexity of e ui'g a(x ) and for each i € J, it follows that 
j= 


(e° —y* DG )<0. (47) 
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From (37) and (47) it follows that 
K ; ; K ; 
k=1 k=1 


K K 

From (39), (48) and the strict pseudoconvexity of (= t** f**(y) — D** > r*nis(y)) for each 
k=1 k=1 

i€ TI at y*, it follows that 


K K K K 
(>. age daa Co = wyenton > (>. aan daria) = pe yertntiy”) ; (49) 
k=1 k=1 k=1 k=1 


Inequality (49) implies that 


K K 
k=1 k=1 


i.e., for each 2 € I it is follows that 


40k pik 
3 ih fee) 
— Sa (51) 
x t0k nik (a) 
=1 
Consequently, 
40k pik A 40k pik 
era). SPyey 
— > — > a (52) 
> tk Aik (0) > tk nik (a) 
k=1 k=1 


contradicts to that (46). So that y* = 2° is an optimal solution of DGFFNLP(¢t®, a®, d°). 


§7. Conclusion 


This paper addresses the solution of generalized multiobjective disjunctive programming prob- 
lems, which corresponds to minmax continuous optimization problems that involve disjunctions 
with convex-concave nonlinear fractional objective functions. We use Dinkelbach‘s global ap- 
proach for finding the maximum of this problem. We first describe the Kuhn-Tucker saddle 
point of nonlinear disjunctive fractional minmax programming problems by using the decision 
set that is the union of a family of convex sets. Also, we discuss necessary and sufficient optimal- 
ity conditions for generalized nonlinear disjunctive fractional minmax programming problems. 
For the class of problems, we study two duals; we propose and prove weak, strong and converse 


duality theorems. 
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Abstract: This paper provides a way to observe embedings of a graph on surfaces based 
on join trees and then characterizations of orientable and nonorientable embeddabilities of 


a graph with given genus. 
Key Words: Surface, graph, Smarandache \°-drawing, embedding, joint tree. 
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§1. Introduction 


A drawing of a graph G on a surface S' is such a drawing with no edge crosses itself, no adjacent 
edges cross each other, no two edges intersect more than once, and no three edges have a 
common point. A Smarandache °-drawing of G on S is a drawing of G on S with minimal 
intersections \°. Particularly, a Smarandache 0-drawing of G on S, if existing, is called an 
embedding of G on S. 

The term joint three looks firstly appeared in [1] and then in [2] in a certain detail and 
[3] firstly in English. However, the theoretical idea was initiated in early articles of the author 
[4-5] in which maximum genus of a graph in both orientable and nonorientable cases were 
investigated. 

The central idea is to transform a problem related to embeddings of a graph on surfaces 
i.e., compact 2-manifolds without boundary in topology into that on polyhegons (or polygons 
of even size with binary boundaries). The following two principles can be seen in [3]. 


Principle A Joint trees of a graph have a 1-to—1 correspondence to embeddings of the graph 


with the same orientability and genus 1.e., on the same surfaces. 


Principle B Associate polyhegons (as surfaces) of a graph have a 1-to-1 correspondence to 
joint trees of the graph with the same orientability and genus, t.e., on the same surfaces. 


The two principle above are employed in this paper as the theoretical foundation. These 
enable us to discuss in any way among associate polyhegons, joint trees and embeddings of a 
graph considered. 


1Received January 28, 2011. Accepted May 12, 2011. 
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§2. Layers and Exchangers 


Given a surface S = (A). it is divided into segments layer by layer as in the following. 


The Oth layer contains only one segment, i.e., A(= Ao); 

The 1st layer is obtained by dividing the segment Ao into 1, segments, i.e., S = (Ai, Aa, 
--+,Aj,), where A;, Ao, ---, Aj, are called the 1st layer segments; 

Suppose that on k — 1st layer, the & — 1st layer segments are Any.-1) where Mp—1) iS an 
integral k — 1-vector satisfied by 


Lyi) < (M1, 22,-++  Me-1) < Neg_1y 


with 1-1) =. (1,1,--- ,1), Np i) = (Ni, No,--- »Nz-1); Ny = hy = Na); No = lana) 
N3 = lang vee, Ney = lan iy? then the Ath layer segments are obtained by dividing each 
k; — 1st layer segment as 


An 


Mep—1yrts 


Any,_1),2) Be Ang atang_s) (1) 


where 1(;,) = (Mx—1))1) < (RR~1),4) < New = (Nei); Ne) and Ne = lana’ Segments in 


Conversely, A is the predecessor of any one in (1). 


(1) are called successors of A i eg as 


Rk-1)* 
A layer segment which has only one element is called an end segment and others, principle 


segments. For an example, let 


HF 53 St 6 5/29 6 7.33, =4), 


Fig.2.1 shows a layer division of S and Tab.2.1, the principle segments in each layer. 

For a layer division of a surface, if principle segments are dealt with vertices and edges 
are with the relationship between predecessor and successor, then what is obtained is a tree 
denoted by T. On T, by adding cotree edges as end segments, a graph G' = (V, F) is induced. 
For example, the graph induced from the layer division shown in Fig.1 is as 


4 _ {A, B, Cz D, E, F, G, A, T} (2) 
and 
E = {a,b,c,d,e, f,g,h, 1, 2,3, 4, 5,6, 7}, (3) 
where 
a = (A, B),b=(A,C),c= (A, D),d = (B, £), 
e=(C,F), f =(C,G),g = (D,H),h = (D,J), 
and 


1=(B,F),2=(E,H),3=(F,1,4=(G,D, 
5 = (B,C),6 = (G,H),7 = (D,E). 


By considering Er, = {a,b,c,d,e, f,g,h}, Er = {1,2,3,4,5,6, 7}, 6; = 0,i = 1,2,---,7, and 
the rotation o implied in the layer division, a joint tree a ® is produced. 
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Fig.1 Layer division of surface S 


Principle segments 

Pee et en ee eee ee ee 
B = (1;-7,2;—5),C = (3, -1; 4, —6;5), 

DS (2/6; 73-3;=4) 

E = (-7;2), F = (3;—-1),G = (4; -6), 

H = (—2;6), I = (—3; —4) 


Layers 


Oth layer 
1st layer 


2nd layer 


Tab.1 Layers and principle segments 


Theorem 1 A layer division of a polyhegon determines a joint tree. Conversely, a joint tree 


determines a layer division of its associate polyhegon. 


Proof For a layer division of a polyhegon as a polyhegon, all segments are treated as 
vertices and two vertices have an edge if, and only if, they are in successive layers with one as 
a subsegment of the other. This graph can be shown as a tree. Because of each non-end vertex 
with a rotation and end vertices pairwise with binary indices, this tree itself is a joint tree. 

Conversely, for a joint tree, it is also seen as a layer division of the surface determined by 


the boundary polyhegon of the tree. 


Then, an operation on a layer division is discussed for transforming an associate polyhegon 
into another in order to visit all associate polyhegon without repetition. 

A layer segment with all its successors is called a branch in the layer division. The operation 
of interchanging the positions of two layer segments with the same predecessor in a layer division 


is called an exchanger. 


Lemma 1 A layer division of an associate polyhegon of a graph under an exchanger is still a 
layer division of another associate polyhegon. Conversely, the later under the same exchanger 


becomes the former. 


Proof On the basis of Theorem 1, only necessary to see what happens by exchanger on 


a joint tree once. Because of only changing the rotation at a vertex for doing exchanger once, 
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exchanger transforms a joint tree into another joint tree of the same graph. This is the first 


conclusion. Because of exchanger inversible, the second conclusion holds. 


On the basis of this lemma, an exchanger can be seen as an operation on the set of all 


associate surfaces of a graph. 


Lemma 2 The exchanger is closed in the set of all associate polyhegons of a graph. 


Proof From Theorem 1, the lemma is a direct conclusion of Lemma 1. 


Lemma 3 Let A(G) be the set of all associate polyhegons of a graph G, then for any S}, 
So € A(G), there exist a sequence of exchangers on the set such that S; can be transformed 
into So. 


Proof Because of exchanger corresponding to transposition of two elements in a rotation 


at a vertex, in virtue of permutation principle that any two rotation can be transformed from 


one into another by transpositions, from Theorem 1 and Lemma 1, the conclusion is done. 


If A(G) is dealt as the vertex set and an edge as an exchanger, then what is obtained in 
this way is called the associate polyhegon graph of G, and denoted by H(G). From Principle A, 
it is also called the surface embedding graph of G. 


Theorem 2 In H(G), there is a Hamilton path. Further, for any two vertices, H(G) has a 


Hamilton path with the two vertices as ends. 


Proof Since a rotation at each vertex is a cyclic permutation(or in short a cycle) on the set 
of semi-edges with the vertex, an exchanger of layer segments is corresponding to a transposition 
on the set at a vertex. 

Since any two cycles at a vertex v can be transformed from one into another by p(v) 
transpositions where p(v) is the valency of v, i.e., the order of cycle(rotation), This enables us 
to do exchangers from the Ist layer on according to the order from left to right at one vertex 
to the other. Because of the finiteness, an associate polyhegon can always transformed into 


another by |A(G)| exchangers. From Theorem 1 with Principles 1-2, the conclusion is done. 


First, starting from a surface in A(G), by doing exchangers at each principle segments 
in one layer to another, a Hamilton path can always be found in considering Theorem 2 and 
Theorem 1. Then, a Hamilton path can be found on H(G). 

Further, for chosen S1,S2 € A(G) = V(H(G)) adjective, starting from $1, by doing ex- 
changers avoid S_ except the final step, on the basis of the strongly finite recursion principle, a 
Hamilton path between S$; and S2 can be obtained. In consequence, a Hamilton circuit can be 
found on H(G). 


Corollary 1 In H(G), there exists a Hamilton circuit. 


Theorem 2 tells us that the problem of determining the minimum, or maximum genus of 
graph G has an algorithm in time linear on H(G). 
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§3. Main Theorems 


For a graph G, let S(G) be the the associate polehegons (or surfaces) of G, and S, and Sj, the 
subsets of, respectively, orientable and nonorientable polyhegons of genus p > 0 and q > 1. 


5(G) =) °S,+ 5° S83. 


p20 q21 


Then, we have 


Theorem 3 A graph G can be embedded on an orientable surface of genus p if, and only if, 
S(G) has a polyhegon in S,, p > 0. Moreover, for an embedding of G, there exist a sequence of 
exchangers by which the corresponding polyhegon of the embedding can be transformed into one 
in Sp. 


Proof For an embedding of G on an orientable surface of genus p, from Theorem 1 there 
is an associate polyhegon in S,, p > 0. This is the necessity of the first statement. 

Conversely, given an associate polyhegen in S,, p > 0, from Theorems 1—2 with Principles 
A and B, an embedding of G on an orientable surface of genus p can be done. This is the 
sufficiency of the first statement. 


The last statement of the theorem is directly seen from the proof of Theorem 2. 


For an orientable embedding p(G) of G, denote by S uy the set of all nonorientable associate 
polyhegons induced from p(G). 


Theorem 4 A graph G can be embedded on a nonorientable surface of genus q(> 1) if, and only 
if, S(G) has a polyhegon in Si q 21. Moreover, if G has an embedding p1 on a nonorientable 
surface of genus q, then it can always be done from an orientable embedding uu arbitrarily given 
to another orientable embedding pi’ by a sequence of exchangers such that the associate polyhegon 
of pL is in Sur 


Proof For an embedding of G on a nonorientable surface of genus gq, Theorem 1 and 
Principle B lead to that its associate polyhegon is in Sg, ¢g > 1. This is the necessity of the first 
statement. 

Conversely, let Sg be an associate polyhegon of G in Sh q > 1. From Principles A and 
B, an embedding of G on a nonorietable surface of genus q can be found from Sz. This is the 
sufficiency of the first statement. 

Since a nonorientable embedding of G has exactly one under orientable embedding of G 


by Principle A, Theorem 2 directly leads to the second statement. 


§4. Research Notes 


A. Theorems 1 and 2 enable us to establish a procedure for finding all embeddings of a graph 
G in linear space of the size of G and in linear time of size of H(G). The implementation of 
this procedure on computers can be seen in [6]. 


B. In Theorems 3 and 4, it is necessary to investigate a procedure to extract a sequence of 
transpositions considered for the corresponding purpose efficiently. 
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C. 


Yanpei Liu 


On the basis of the associate polyhegons, the recognition of operations from a polyhegon 


of genus p to that of genus p+ k for given k > 0 have not yet be investigated. However, for the 


case k = 0 the operations are just Operetions 0-2 all topological that are shown in [1-3]. 


D. It looks worthful to investigate the associate polyhegon graph of a graph further for accessing 


the determination of the maximum(orientable) and minimum(orientable or nonorientable) genus 


of a graph. 
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§1. Introduction 


All graphs considered here are finite, undirected and without loops or multiple edges. We refer 
the terminology of [2]. For any graph G, L(G) denote the line graph of G. 

A Smarandache #-drawing of a graph G for a graphical property F is such a good drawing 
of G on the plane with minimal intersections for its each subgraph H € #. A Smarandache 
f-drawing is said to be optimal if AY = G and it minimizes the number of crossings. A graph 
is planar if it can be drawn in the plane or on the sphere in such a way that no two of its edges 
intersect. The crossing number cr(G) of a graph G is the least number of intersections of pairs 
of edges in any embedding of G in the plane. Obviously, G is planar if and only if cr(G) = 0. 
It is implicit that the edges in a drawing are Jordan arcs(hence, non-selfintersecting), and it is 
easy to see that a drawing with the minimum number of crossings(an optimal drawing) must 
be good drawing, that is, each two edges have at most one vertex in common, which is either a 
common end-vertex or a crossing. Theta is the result of adding a new edge to a cycle and it is 
denoted by 6. The corona Gt of a graph G is obtained from G by attaching a path of length 
1 to every vertex of G. 

The plick graph P(G) of a graph G is obtained from the line graph by adding a new vertex 
corresponding to each block of the original graph and joining this vertex to the vertices of the 
line graph which correspond to the edges of the block of the original graph(see[4]). 


The following will be useful in the proof of our results. 


lReceived January 6, 2011. Accepted May 18, 2011. 
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Theorem A([5]) The line graph of a planar graph G is planar if and only if A(G) < 4 and 


every vertex of degree 4 is a cut-vertex. 


Theorem B(([3]) Let G be a nonplanar graph. Then cr(L(G)) = 1 if and only if the following 
conditions hold: 


(1) er(G) =1; 
(2) A(G) <4, and every vertex of degree 4 is a cut-vertex of G; 


(3) There exists a drawing of G in the plane with exactly one crossing in which each crossed 
edge is incident with a vertex of degree 2. 


Theorem C([3]) The line graph of a planar graph G has crossing number one if and only if 
(1) or (2) holds: 


(1) A(G) =4 and there is a unique non-cut-vertex of degree 4; 


(2) A(G) =5, every vertex of degree 4 is a cut-vertex, there is a unique vertex of degree 
5 and it has at most 3 incident edges in any block. 


Theorem D([4]) The plick graph P(G) of a graph G is planar if and only if G satisfies the 
following conditions: 


(1) A(G) <4, and 


(2) every block of G is either a cycle or a Ka. 


Theorem E((1]) A graph has a planar ilne graph if and only if it has no subgraph homeomorphic 
to K3.3, Kis, Py + ky or Ko +K3. 


Remark 1([4]) For any graph, L(G) is a subgraph of P(G). 


§2. Results 
The following theorem supports the main theorem. 


Theorem 1 Let x be any edge of K4. If G is homeomorphic to K4— x, then cr(P(G)) =1. 


Proof We prove the theorem first for G = (K4—«). One can see that the graph P(K4—<) 
has 6 vertices and 13 edges. But a planar graph with 6 vertices has at most 12 edges. This 
shows that P(K,4 — x) has crossing number at least 1. Figure 1, being drawing of P(K4 — x) 
concludes that cr(P(K4 —«x)) = 1. Suppose now G is the graph as in the statement. Referring 


to Figure 1, it is immediate to see that cr(P(K4 —x)) =1. 
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Ky4-2 P(K4 — 2) 


Figure 1 


The following theorem gives a necessary and sufficient condition for graphs whose plick 


graphs have crossing number 1. 


Theorem 2 A graph G has a plick graph with crossing number 1 if and only if G is planar 
and one of the following holds: 


(1) A(G) = 3, G has exactly two non-cut-vertices of degree 8 and they are adjacent. 

(2) A(G) =4, every vertex of degree 4 is a cut-vertex of G, there exists exactly one theta 
as a block in G such that at least one vertex of theta is a non-cut- vertex of degree 2 or 3 and 
every other block of G is either a cycle or a Ko. 

(3) A(G) =5, G has a unique cut-vertex of degree 5 and every block of G is either a cycle 


or a Ko. 


Proof Suppose P(G) has crossing number one. Then by Remark 1, and Theorem B, G is 
planar. By Theorem D, A(G) < 4, then at least one block of G is neither a cycle nor a Ko. 

Suppose A(G) <6. Then Ky,¢ is a subgraph of G. Clearly L(A, ,¢) = Ke. It is known that 
cr(Ke) = 3. By Remark 1, K¢ is a subgraph of P(G) and hence cr(P(G)) > 1, a contradiction. 
This implies that A(G) < 5. If A(G) < 2, then P(G) is planar, again a contradiction. Thus 
A(G) = 3 or 4 or 5. 


We now consider the following cases: 


Case 1. Suppose A(G) = 3. Then by Theorem D and since cr(P(G)) = 1, G has a non- 
cut-vertex of degree 3. Clearly G contains a subgraph homeomorphic to K4 — xz, so that there 
exist at least two non-cut-vertex of degree3. More precisely, there is an even number, say 2n, 
of non-cut-vertex of degree 3. Now suppose G has at least two diagonal edges. Then there are 
two subcases to consider depending on whether 2 diagonal edges exist in one cycle or in two 
different edge disjoint cycles. 


Subcase 1.1 If two diagonal edges exist in one cycle of G. Then G has a subgraph homeo- 
morphic from Ky. The graph P(i4) has 7 vertices and 18 edges. It is known that a planar 
graph with 7 vertices has at most 15 edges. This shows that P(4) must have crossing number 
exceeding 1 and hence P(G) has crossing number greater than 1, a contradiction. 


Subcase 1.2 If two diagonal edges exist in two different edge-disjoint cycles of G. Then by 
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Theorem 1, we see that for every subgraph of G homeomorphic to K4 — x, there corresponds 
at least one crossing of G. Hence P(G) has at least 2 crossings, a contradiction. 


Hence G has exactly two non-cut-vertices of degree 3 and every other vertex of degree 3 is 
a cut-vertex. 


Suppose a graph G has two non-cut-vertices of degree 3 and they are not adjacent. Then 
G contains a subgraph homeomorphic to K2,3. On drawing P(2,3) in a plane one can see that 
cr(P(K2,3)) = 2. Since P(K,3) is a subgraph of P(G), P(G) has crossing number exceeding 
1, a contradiction(see Figure 2). 

Therefore, we conclude that G contains exactly two non-cut-vertices of degree 3 and these 
are adjacent. This proves (1). 


kes PUR) NG, 
Pan 


Figure 2 


Case 2. Assume A(G) = 4. We show first that every vertex of degree 4 is a cut-vertex. On the 
contrary suppose that G' has non-cut-vertex v of degree 4. Then by Theorem C, cr(L(G)) > 1. 
The vertex u; in P(G) corresponding to the block which contains a non-cut-vertex of degree 4 
is adjacent to every vertex of L(G). We obtain the drawing of P(G) with 3 crossings. 

Assume now G has at least two blocks each of which is a theta. By Theorem 1 and case 1 
of this theorem, we see that for every subgraph of G homeomorphic to K4— 2, there correspond 
to at least 2 crossings of G, a contradiction. 

Suppose there exists exactly one theta S as a block in G such that none of its vertices is 
a non-cut-vertex of degree 2 or 3. Assume all vertices of theta S have degree 4 in G. Then by 
Theorem A, L(S) is planar. Let v1 be the vertex of L(G) corresponding to the chord of a cycle 
C of theta. The vertex w; in P(G) corresponding to the block theta S is adjacent to every 
vertex of L(C’) without crossings. In P(G) — v1w1, the vertex w; is adjacent to every vertex of 
L(S) — v, without crossings. By the definition of P(G), the vertices v; and wy, are adjacent in 
P(G). The edge vw crosses at least two edges of L(G). On drawing of P(G) in the plane, it 
has at least two crossings, a contradiction. This proves that A(G) = 4, there exist exactly one 
theta as a block in G such that at least one vertex of theta is either a non-cut-vertex of degree 
2 or 3. 

Suppose every block of G different from theta block is neither a cycle nor a K2. It implies 
that G has a block which is a subgraph homeomorphic to K4 — «x. By Cases 1 and 2 of this 
theorem, we see that for every subgraph of G homeomorphic to Ky, — 2, there corresponds at 
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least one crossing of G. Hence P(G) has at least 2 crossings, a contradiction. 


G': 


Figure 3 


Figure 4 


Case 3. Assume A(G) = 5. Suppose G has at least two vertices of degree 5. Then by Theorem 
C, L(G) has crossing number at least 2. By Remark 1, cr(P(G)) > 2, which is a contradiction. 
Thus G has a unique vertex of degree 5. 

Suppose G has a vertex v of degree 5 and at least one block of G is neither a cycle nor 
a Ky. Then some block of G has a subgraph homeomorphic to K4— 2. By Case 1 of this 
theorem cr(P(i4 —x)) > 1 and the 5 edges incident to v form Ks as a subgraph in P(G). 
Hence cr(P(K4 — x)) > 2, a contradiction. 

Conversely, suppose G is a planar graph satisfying (1) or (2) or (3). Then by Theorem 
D, P(G) has crossing number at least 1. We now show that its crossing number is at most 1. 
First suppose (1) holds. Then G has exactly one block, say H, homeomorphic to K4— a which 
contains 2 adjacent non-cut-vertices of degree 3. By Theorem 1, cr(P(H)) = 1. By Theorem 
D, all other remaining blocks of G have a planar plick graph. Hence P(G) has crossing number 
1. 

Assume (2) holds. Let wu be a cut-vertex of degree 4. The vertex u has a non-cut-vertex of 
degree 3 in a block for otherwise, G does contain a subgraph homeomorphic to K4 — x which 
is impossible. By virtue of Theorem 1, for a non-cut-vertex of G of degree 3, there corresponds 
one crossing in P(G). However P(G) can not have more than one crossing since the removal of 
any edge in a block containing u, yields a graph H such that P(H) is planar by Theorem D. It 
follows easily that P(G) has crossing number 1. 

Suppose (3) holds. The edges at the vertex vu of the degree 5 can be split into sets of sizes 
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2 and 3 so that no edges in different sets are in the same block. Transform G to G’ as in Figure 
3. Then P(G’) is again planar. Thus P(G) can be drawn with only one crossing as shown in 


Figure 4. 


§3. Forbidden Subgraphs 


By using Theorem 2, we now characterize graphs whose plick graphs have crossing number 1 


in terms of forbidden subgraphs. 


Theorem 3 The plick graph of a connected graph G has crossing number 1 if and only if G 
has no subgraphs homeomorphic from any one of the graphs of Figure 5 or G has subgraph 0+ 


such that none of the vertices of theta have non-cut-vertices of degree 2 or 8. 


" 7 — eo = 


GA Gs : G6 : 

Gr : G3 

Go : Gio : Gi : 
Figure 5 


Proof Suppose G has a plick graph with crossing number one. We now show that all 
graphs homeomorphic from any one of the graphs of Figure 5 or a subgraph 6* such that 
none of the vertices of theta have non-cut-vertices of degree 2 or 3, have no plick graph with 
crossing number one. This result follows from Theorem 2, since graphs homeomorphic from 
G1, G2 or G3 have more than two non-cut-vertices of degree three. Graphs homeomorphic from 
G4 have two non-cut-vertices of degree 3 which are not adjacent. Graphs homeomorphic from 
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Gs have a vertex of degree 4 which is a non-cut-vertex. Graphs homeomorphic from Gg have 
more than one theta. 9+ has exactly one block which is a theta and none of its vertices have 
non-cut-vertices of degree 2 or 3. Graphs homeomorphic from G7 have A(G7) > 5. Graphs 
homeomorphic from G'g or Gg have two or more vertices of degree 5. Graphs homeomorphic to 
Gio or Gy, have a block which is neither a cycle nor a Ko. 

Conversely, suppose G is a graph which does not contain a subgraph homeomorphic from 
any one of the graphs of Figure 5 or G has exactly one subgraph theta as a block such that 
none of the vertices of theta have non-cut-vertices of degree 2 or 3. First we prove condition (1) 
of Theorem 2. Suppose G contains more than two non-cut-vertices of degree 3. Then it is easy 
to see that G is a planar graph with at least 2 diagonal edges. Now consider 2 cases depending 
on whether the 2 diagonal edges exist in one block or in two different blocks. 


Case 1. Suppose two diagonal edges exist in one block of G, then G has a subgraph homeo- 
morphic from G, or Go. 


Case 2. Suppose two diagonal edges exist in two different blocks of G, then G has a subgraph 
homeomorphic from G3. 

In each case we have a contradiction. Hence G has at most two non-cut-vertices of degree 
3. Suppose G has exactly two nonadjacent non-cut-vertices of degree 3. Then there exist 3 
disjoint paths between these two non-cut-vertices of degree 3. Clearly G contains a subgraph 
homeomorphic from G4, a contradiction. Thus G has exactly two adjacent non-cut-vertices of 
degree 3. 

Since G does not contain a subgraph homeomorphic from G7 i.e, Ki,¢6 , A(G) < 5. Also 
since A(G) > 4, if it follows that A(G) = 4 or 5. 

Suppose G has a vertex v of degree 4. We prove that v is a cut-vertex. If not, let a,b,c and d 
be the vertices of G adjacent to v. Then there exist paths between every pair of vertices of a, b,c 
and d not containing v. Then it is proved in Theorem E, G has a subgraph homeomorphic from 
Gs, this is a contradiction. Thus v is a cut-vertex and every vertex of degree 4 is a cut-vertex. 

Suppose that a cut-vertex of degree 4 lies on two blocks, each of which is a theta. Then 
G has a subgraph homeomorphic from Gg. This is a contradiction. G has exactly one block 
which is a theta such that at least one vertex of theta is either a non-cut-vertex of degree 2 or 
3, for otherwise a forbidden subgraph has exactly one theta as a block such that none of the 
vertices of theta have non-cut-vertices of degree 2 or 3 would appear in G. 

Suppose G has two vertices v; and v2 of degree 5. Since G is a connected, v; and v2 are 
connected by a path P and let (v1, a;) and (v2, 6;), 7,7 = 1,2,3,4, be edges of G. We consider 
the following possibilities. 

If aj A b; for i,j = 1,2,3,4, then G contains a subgraph homeomorphic from Gg, a 
contradiction. 

If there exists a path between a vertex of a; and a vertex of b;, then G has a subgraph 
homeomorphic from Gg, a contradiction. 

If a; = 6;, for i,j = 1,2, then clearly G contains a subgraph homeomorphic from Go, a 
contradiction. 


This proves that G has exactly one vertex v of degree 5. 
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Suppose G has a vertex v of degree 5. We show that v is a cut-vertex. If possible let us 
assume that G has a non-cut-vertex of degree 5. In this case Greenwell and Hemminger showed 
in [1] that G must contain a subgraph homeomorphic from Gs, a contradiction. 

Suppose G has a unique cut-vertex v of degree 5 and it lies on blocks, one block which is 
neither a cycle nor a Ky. Then G contains a subgraph homeomorphic from G19 or Gj1. 


Thus Theorem 2 implies that G has a plick graph with crossing number one. 
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Abstract: In this paper, we will introduce free fundamental groups of some types of 
manifolds. Some types of conditional foldings restricted on the elements on free group and 
their fundamental groups are deduced. Also, the fundamental group of the limit of foldings 
on a wedge sum of two manifolds is obtained. Theorems governing these relations will be 
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§1. Introduction 


In this article the concept of foldings will be discussed from viewpoint of algebra. The effect 
of foldings on the manifold M or on a finite number of product manifolds MyaMo22...cM, on 
the fundamental group 71(M) and 7(MiaMox---xM,,) will be presented. The folding of a 
manifold was, firstly introduced by Robertson 1977 [14]. More studies on the folding of many 
types of manifolds were studied in [2-4 and 6-9]. The unfolding of a manifold introduced in [5]. 
Some application of the folding of a manifold discussed in [1]. The fundamental groups of some 
types of a manifold are discussed in [10-13]. 


§2. Definitions 


1. The set of homotopy classes of loops based at the point x, with the product operation 
[Allg] = Lf - g] is called the fundamental group and denoted by 71(X, 2.) [11]. 


2. Let M and N be two smooth manifolds of dimension m and n respectively. A map 
f : M — N is said to be an isometric folding of M into N if for every piecewise geodesic path 
y:I— M the induced path foy: I — N is piecewise geodesic and of the same length as 
[14]. If f does not preserve length it is called topological folding [9]. 


3. Let M and N be two smooth manifolds of the same dimension. A map g: M — N is 
said to be unfolding of M into N if every piecewise geodesic path y : I — M, the induced path 
goy:I—N is piecewise geodesic with length greater than y [5]. 
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4. Given spaces X and Y with chosen points 7, € X and y, € Y, then the wedge sum 
X VY is the quotient of the disjoint union X UY obtained identifying x, and y, to a single 
point [11]. 


5. Let S be an arbitrary set. A free group on the set S is a group F together with a 
function ¢: S — F such that the following condition holds: For any function w : S — H, there 
exist a unique homomorphism f : F — H such that fod = w [12]. 


§3. Main Results 


Paving the stage to this paper, we then introduce the following 


(1) m1 (T) = {([ar}*, [61]™), (faa]*, [B2]), ---) (lan]*, [Gn]™)s [a], [i] € m1(S*), ks me Zk A 
0,m 40,7 = 1,2,....,n} 

(2) m(T)mod(k,m) = {([a1], [91]), ([a2], [92]), ---) (Lan], [Bn]) + [ar]* = 1, (3; = 1 [aa], [6i] € 
m(S'),k,m € Z+,k40,m40,i=1,2,....,n}. 


Where, 7(S') is a fundamental group of the circle ,T is the torus [a]” = [a] x [a] x .... x [a], 


and T" =TxTx... xT. 
eee” 


n—terms 


Let 71(S}) , 71(S4) be two fundamental groups. Then the free product of 71(.St) , 71(94) 
is the group 71(${)* 71(S3)consisting of all reduced words a1a2@3....@m of an arbitrary finite 
length m > 0 such that a; € 7(S}) or a; € 7(S3),i = 1,2,....,m , then we can represent the 
elements a; as of the forms a; = [a]"* or a; = [G]"' where n; € Z,n; #4 0 and a, 8 are two loops 
that goes once a round S},.93 respectively. Also, if F : St VS} —> Si V Sj is a folding, then 
the induced folding F :7($}) *« 71($3) —> 7(S}) *71(93) has the following forms: 


Theorem 3.1 If F; : Si VS} —> SitV S$} , 7 = 1,2 are two types of of foldings, where 
F,(S;) =.S;, j = 1,2, then there are induced foldings F; :™ (St) * 71(S3) —> ™(S}) * 1(S3) 
such that F;(m1(St))*71($3) & Z. 


Proof First, let F, : St V S3 —> Si} V $3 is folding such that F,(St) = S} , F,($3) = St 
as in Fig.1. Then we can express each element g = @10203....dm ,m > 1 of (St) * 71 ($3) in 
the following forms 


[o]"* [8]"? [a]"* .... fa}? [6], [a] []" fal” --- [2]""™ [a], 
[2] [a]? [a] .... [B]""~* [a], or [B]"* [a]? []"° .... fa]? [6], 


where n1,72,+-* ,M%m are nonzero integers and [a]"* € 71(S}),[G]"* € m(S3),k = 1,2,..m. 


9 >) 
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Then, the induced folding of the element g is 


Fi(9) = Fi(lal™) Fi ((6]"?) Fi ([a]”*) «Fi (fa?) Fa ((6]"™), 
Fi ([a]™*) Fi ([6]"? )Fi ([a]”*) «Fa ((6]""* ) Fi ([a]”™), 
Fy ((6]" )Fi(la]”? ) Fi ([6]"*) --- Fi ([6]"" 7) Fi ([al”™), 
F,((6]") Fi ([a\”? ) Fi ([6]"*)...- Fi ([a]""* ) Fi ([6]"") 
Since Fi({a]”*) = [a]™ , Fi({6]"*) = [a]"* it follows that Fi(a,azq3...a) = [a] ttt), 


Hence, there is an induced folding F; :7(S}) *71(S3) —> m1(S1) *71(94) such that F;(7,(S}) * 


m(S3)) = (St), and so F;(m1(St) * 71($3)) & Z. Similarly , if Fy: St VS} — SiV Si is 
folding, such that F)(St) = $3, Fo(94) = $3 , then there is an induced folding Fy :711(S}) * 


m1 ($4) —> m1 (St) * 71(S3) such that Fo(71(S}) * 71($4)) & Z. 


OO = O 


Fig.1 


Theorem 3.2 If F;: S{ VS} —> S{VS3,i=1,2 are two types of foldings such that F,(S}) = 
S},j =1,2. Then,m( lim F,, (St V S3)) is isomorphic to Z. 


Proof Let F;($;) = $; then lim F;, (S{VS$3) = $7 as in Fig.2. Thus, m( lim F;,, (S{VS3)) 
=S}, Therefore 71( lim F;, (St V S3)) is isomorphic to Z. 


Fig.2 


Theorem 3.3 Let F: Si{VS3 —> SiV $3 be a folding, where F(S}) 4 S},i = 1,2.Then there 
is an induced folding F : 1(S}) * 7(S4) —> m(S}) * 7(93) such that Fm,(St) * 71($4)) = 0. 


Proof Let F : St V Si} —> S} Vv Si be a folding such that F(S}) 4 S}, F(S}) 4 S} as in 
Fig. (3) .Then, we can express each element g = @14203....dm ,m > 1 of 71(S}) *71($3) in the 
following forms: 


where 71, 72,°*+ ,%m are nonzero integers and [a]"* € 71(St), [@]"* € m1 ($3),k =1,2,--- 
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Then the induced folding of the element g is 
Fi(g) = Fi(lal™") Fi ([9]"") Fi (la]™) «Fi ([a]”*) Fi ([6]"™) 
= [ol [6] fol” fol? (gy, 
Fi ([o]"") Fi ([3]"") Fi ([a]”*) --- F(a)" ) Fi (fa) 
= [o]” [6] fal” [ay""* fal”, 
Fi ((6]")Fi(la]) Fi ((9]"*) «FL ((8]""*) Fa [a] ) 
= [41 lol” (a1? [61""—* [al 
Fi ((6)")Fi (lal?) Fi ((9]"*) --- Fa([a]”") Fi ([]") 
= [6]™ [a]”? [9]" --- [a]? [a] 


Kw —— 
It follows from [a], | —— identity element, that there is an induced folding F' :71(S{) * 


m™(S3) —> m1 (St) * 71(S3)such that F(m(St) * 71($3)) =0. 


OO = 


Fig.3 


Corollary 1 [f F;: S{V Si — S}V $},i=1,2 are two types of foldings such that 


Then there are induced foldings F; :11(S}) * 71($4) —> m (St) * 71(S3)such that F;(71(St) * 
m™(93)) & Z. 


Theorem 4 If F': Si V $3 —> Si V S3 is a folding such that F(S}) £4 S},i =1,2. Then, 
m( lim F,(Si V $3)) 
is the identity group. 


Proof If F(S/) #4 S$}, i = 1, 2 then lim F,,(S} V $3) is a point as in Fig.4, and so 
m7( lim F,,($}VS3)) is the fundamental group of a point. Therefore, we get that 7( lim F,(S{V 


$})) =0. 
66 Ge 


Fig.4 


Theorem 5 Jf F; : Si V $4 —> Stv Ss,i = 1,2 are two types of foldings such that 
F,(S}) = S}, F;(S}) 4 S},j =1,2,i4 Jj. Then m( lim F;, (St V $3)) is isomorphic to Z. 
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Proof It follows from F;(S}) = S$}, F)($}) 4 S},j7 =1,2,i # j.that the limit of one circle 
is a circle and the limit of the other circle is a point, so lim F,,(S{ V $3)) = S} as in Fig.5. 
Thus, 71( lim F;,, (Si V $3)) =71(S}) . Therefore 7( lim F;,, (St V S3)) is isomorphic to Z. 


© Ou 6 Ge Ce 


Fig.5 


Now, we will generalize the above concepts for the tours Consider 7(Ti) ,71(Tz) , are two 
fundamental groups. Then, the free product of 7(T}) ,71 (Tz), is the group 7(T}) *m(TS) 
consisting of all reduced words of a)42Q3....@m of an arbitrary finite length m > 0 such that 

a; € ™1(T}) or a; € 7(T3) and so, we can represent the elements a; as of the forms a; = 
(far]”*, [G1]**) or a; = ([a2]™, [G2]**) where n;,k; € Z,n; 40, kj A 0 where ([a;]™, [G1]**) € 
m(T}), (fa2]™, [Bo]**) € m(Tp)and a;, 8; are loops that goes once a round the generators 
of T; for j = 1,2.Then if F : T} VT} —> T} V TyYis a folding, then the induced folding 
F im (T}) * m1 (L$) — ™(T}) * 71 (TH) has the following forms: 


Theorem 6 [f F;: Ti V Tz — T} V Tz,i = 1,2 are two types of foldings, where F;(T;) = 
T;,j =1,2. Then, there are induced foldings F; :11(T}) *71(T3) —> (Ti) * (TH) such that 
F(a (T}) * m(Td)) & Z x Z. 


Proof First, if F, :T} Vv T+ —> T} V T} is a folding such that Fi(T!) = TN, Fi(T3) =T1 
as in Fig.6. Then we can express each element g = @142...€m,m > 1 of 7(T}) * m1 (TP) in the 
following forms. 


({ea]™* , [B1]**)(for2]”? , (B2)"?) (Lar) , [B1]**) «= (Loa]™-*  [BaJ"-*) (a2) [2]°"), 

({ea]"* , (1) (Lero]”? , [G2]"?)(Lea]”® , [61]") «+= (Laz]"”"* , [Be]*"-*) (Loa) [Ga]*"), 

({ex2]"* , [2] )(Lea]”? , [61]"?)(Leea]”® , [82]"°) «+= (Laz]""* , [Ba]*"-*) (oa) [Ga]*"), 

({x2]"* , [2] )(Lea]”? , [61)"?)(Lea]”® 5 [2]"°) «+= (Laa]"”"? , [B]*"-*) (oa) [Gal*"), 
where n1,72,°°: ,Mm , ki, k2,--+,km are nonzero integers, 


({a]”* , [8i]"") € m (TP), ([oa]” , [Bi]"*) € m1 (T2). 


Since Fi({ax]™ , [@1]") = ({aa]™ , (Gl), Fi 
there is an induced folding Fy :7(T?) * 771( 
71 ( 


™(Tz)) = m(Ty) , and so Fi(m(T}) * 


Fy ([o2]"" , [2]"") = ([aa]"* ,[61]"") , it follows that 
T+) —> m(T?) * mi (TS) such that Fi(m(T}) * 
T})) = Zx Z. Similarly , if Fy : Ti VT} — 
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Ti V Ty is folding, such that F)(T}) = T1, Fo(T}) = T; , then there is an induced folding 
Fo(mi (TL) * m1 (TH)) = m1 (TP) such that Fo(m1(T}) * m1 (TH)) & Z x Z. 


Coo 


Fig.6 


Theorem 7 /f F; : Ty VT; —> T} V Tz,i = 1,2 are two types of foldings, where F;(T}) = 
T;,9 =1,2. Then (lim Fi, (Ti V T})) & Z x Z. 


Proof If F; : Ti VT; —+ Tj V Tz,i = 1,2 are two types of foldings, where F;(T}) = 
T;,j = 1,2, then lim F(T} VT) = T? as in Fig.7. Thus m/( lim F,,(T? V T3)) = m(T?) 


7 


since 7(T}) + Z x Z we have m( lim F;, (Ti V T})) = Z x Z. 


Fig.7 


Corollary 2 If F;: Ti VTi — Ti V Ti,i = 1,2 are two types of foldings, where F(T;) = 
T;,j =1,2. Then m( lim F;, (Ti V T})) is a free Abelian group of rank 2n. 


: 1 é 2 $ 1 1 Fi, Fi, 
Proof Since F(T) = Ti,j = 1,2 we have the following chain Ty VT; —> T? —> 
lim Fi, 


Tf..." + TPSince m1 (T") = m1 (T; x T; x .... x Tj), , it follows that m1 (T") + Z x Z x... x Z. 
eo...’ =e” 

n—terms 2n—terms 
Hence ,71( lim F;, (T V Tz)) is a free Abelian of rank 2n. 


Theorem 8 [fF :T} VTi — T} VT¢ is a folding by cut such that F\ (Ti) #7, Fi(Tt) #11 
.Then there is induced folding F :(T}) * m(T3) —> m(T}) * m1 (TH) such that F(m(T}) * 
mi(Td)) & Z*Z. 


Proof Let F : T} VT} —> T} V Ty is a folding such that F\(T/) 4M, Mi (T3) 4 Tias 
in Fig.8. Then, we can express each element g = @142°++@m,m > 1 of m(T}) * 71 (Tz) in the 
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following forms 


({ea]"* , (1) )(La2]”? , (62°?) (Loa]”® , [61]") «== (Laa]"”"? , [@r]*"-*) (oe) [62]""), 
({er]”* , [91]"*)(Lava]”? , (G2]"?) (Loe) , (a}"?) «= (Lea]""™ , [B2]""-*)(loa]”™ (il), 
({ez2]”* , [2]"*)(Laa]”? , (61]"?)(Loe2]"® , (B2)"?) «+= (Lea]""™ , [B2]""-*)(loal”™ (il), 
({exa]”* , [2]"*)(Laa]”? , (61]"?)(Loea]"® , (B2)"?) «+= (LeaJ*"™  [Bi]’"-*) (loa (il), 
where 71,12,°°* ,%m , ki, k2,-++,km are nonzero integers and 
({evs]"* , [8:]"") € mi (TP), (oa]”? , [9:]"") € mi (T3). 


Then, the induced folding of the element g is 
F(g) = F((or]™ , [a] )F(lo2]"? , (62)? )F(lea)”? , [61]"") 
F(a)" , (a)? F(laa]"” [62]"") 
= (er]™ , [1]"*) (oe) , [62]? )(Loa]”® , [B]"*) «== (ony? , [1]""-*) (Loa) [82]*"), 
, [G2 "°)F((ai]”* ) [i)"*) 
+ F([o2]"" , [6o)""-?)F(laa]"” [61]"") 
= ({or]"*, [61] )(fo2]" , [52]"*)(oa]” , [B1]"*) += (fea]""? , [Bo]*"-") (faa) [Ba)""), 
F([a2]"* , [62]"")F(ler]” , [51]"* )F(lo2]"? , [82)"*) 
--F([o2]"" , [6o)""-?) Flea)” [61]"") 
= ([es]"* , [82]"")(foa]" , (91]") (oz) , [B2]**) «+ (faa]""? , [Bo]""-")(Laa]”™™ [B)""), 
[Ar "?)F((a2]"* ) [62)"*) 
+ F(fon]""-*, [61° ) F(a] [a}"™) 
= ([e2]"* , [62]"*)(lor]™ , [61]"?)(Le2]"* , [62]"*)..--([oa]”™-* , [BaJ*"-*) (loa) [61]°"). 


It follows from (Al, [Ba] — 0 ( identity element) that there is an induced folding such that 
F sm (TL) * m1(T3) — m1 (St) * 71(S4) . Therefore, F(1 (TL) * mi(T3)) & Z * Z. 


NS) + DC 


Fig.8 


Corollary 3 [f F;:T/} VT; —> Tj VT3,i=1,2 are two types of foldings such that F;(T;) = 
T;, Fy(T}) 4 T},i,j = 1,2,i 4 7. Then there are induced foldings F; :m(T}) * m(Tz) — 
m(T}) * (Td) . such that Fy(m1,(T}) * m(Td)) & (Z x Z) * Z. 


Theorem 9 If F:T} VT} —> Ti VT? are a folding by cut such that F(T;}) 4 T}, for i=1,2 
. Then m( lim F,(T} V Tz)), is a free group of rank < 2 or identity group. 

Proof Consider ,F(T;}) 4 T}, for i = 1,2, then we have the following: lim F(T} VT}) = 
SiVS3 as in Fig.9(a) then ,r1( lim F,(T}VT#)) © m(St)V71 ($3) , and so m( lim F,(T} VT)) 
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~ Zx«Z. Hence, 7( lim F,(T} V T3)) is a free group of rank 2.Also, If lim F,,(T? V T}) as 
in Fie: (b), Chena lim FCELV TL)): 0: Moreover, if lim iv 72) as 1 Fig. 9(6);-then 
™7 (Tim Fn (Ty Vv T2)) w ($2) ~ Z .Therefore, m( lim F(T} V T3)) is a free group of rank 
< 2 or identity group. 


lim F;, 
n= oo (a) 
lim F,, 
or .-.- n= oo (b) 
lim F,, 
Gis ck Oy ameaee (c) 


Theorem 10 Jf F; : Ti VT} — Ti VT} i = 1,2 are two types of foldings such that 
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F,(T}) = T}, F)(T}) 4 T},1,7 = 1,2,i #7. Then m (lim F(T] V T3)) ts either isomorphic 
(Z x Z)* Z to or (Z x Z). 
Proof Since F;(T}) = T}, F;(T;) 4 T},i,7 = 1,2,i # 7, we have the following: 


If lim F,, (Ti VTz) = T} V S} as in Fig.10(a), then 71( lim F(T? VTz)) = m1 (T} V S}) & 
(Z x Z)* Z. Also, if m (lim F(T} V T})) = m(T}) as in Fig.10(b) then 71( lim F(T} V 
Tz)m(T;) ~ Z x Z . Hence, ™ (lim F,(T} V T3)) is either isomorphic to (Z x Z) * Z or 


(Z x Z). 


Theorem 11 [fF : TP VT? — TP VT? is a folding such that F(Tj') =Ti and F(T?) F¢ 
Ts where F(T) = F(Tz) x F(Tz) x... x F(T3) ,F (TE) # Th is a folding by cut. Then, 
a 


n—terms 


m1( lim F,,(Ty’ V T5')) ts isomorphic to (Z x ZX... X Z)*XZX ZX xX Z. 
Nn coo \ [i —,-_—_—_—_—_—_ 


2n—terms n—terms 


Proof Since F(Tj') = TY, F(£3') 4 T3’ we have the following chain: 


TT V Ty F TP Vv F(S}) x Sz x F(S}) x S3 x ++: x F(S{) x $3 F, 
a 
2n—terms 


TP VIZ F TP Vv F(S{) x 53 x F(St) x 53 x +++ x F(St) x $3 EF, 
a 


=> 


2n—terms 
T? V F(F(St)) x $3 x F(F(S{)) x Sy x ++ x F(F(St)) x $3 lim Fy, 
— 


2n—terms 


TPS. Sah 38 Ry) 
ee” 
n—terms 


Hence, 7( lim F,(T7’ V T3')) is isomorphic to (Z x Z x +++ x Z)kZ x ZX +++ x Z. 


2n—terms n—terms 


Theorem 12 Let F: M — M is a folding by cut or with singularity , and M is a manifold 
homeomorphic to S‘ or T'. Then, there are unfoldings unf : F(M) C M — M such that 
m1( lim unf,(F(M)) is isomorphic to Z or Z x Z. 


Proof We have two cases following. 


Case 1. Let M be a manifold homeomorphic to $' , if F : S$! — S$! is a folding by cut. 


O™=Cacao* 


Fig.11 


Then, we can define a sequence of unfoldings 
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unf, :-F(S1) > My, F(S') #:S*,M, C S1, unfa: My > Mg,..., unfn : Mi > Mp, 


lim unfn(F(M)) = S' as in Fig.11. Thus 71( lim unf,(F(M)) © Z. 


Case 2. Let M be a manifold homeomorphic to T! , if F.: T! — T! is a folding such that 
F(St) = S} and F(S3) 4 Sd . So we can define a sequence of unfoldings following. 


unf, :F(T1) = My, unf2 : My — Mo,--+, unfn : Mi — Ma, 


lim unfn(F(M)) = T!? as in Fig.12. Thus 71( lim unf,(F(M)) © Z x Z. 


(2) F(T") « unF C™ E rm) 


Fig.12 


Therefore, 71( lim unf,(F'(M)) is isomorphic to Z or Z x Z. 


Corollary 4 Let F : M — M be a folding by cut or with singularity, M is a manifold 
homeomorphic to S*or T",n > 2. Then there are unfoldings unf : F(M) Cc M > M such 
that ™( lim unf,(F(M)) is the identity group or a free Abelian group of rank 2n. 


References 


1] P.DI-Francesco, Folding and coloring problem in mathematics and physics, Bulletin of the 
American Mathematical Society, Vol. 37, No. 3 (2000), 251-307. 

2) A.E.El-Ahmady, The deformation retract and topological folding of Buchdahi space, Pe- 
riodica Mathematica Hungarica, Vol. 28. No. 1(1994),19-30. 

3] A.E.El-Ahmady, Fuzzy Lobacherskian space and its folding, The Journal of Fuzzy Mathe- 
matics, Vol. 2, No.2, (2004),255-260. 

4) A.E.El-Ahmady: Fuzzy folding of fuzzy horocycle, Circolo Mathematico Palermo, Serie II, 
Tomo LIII (2004), 443-450. 

5] M.EI-Ghoul, Unfolding of Riemannian manifolds, Commun. Fac. Sci. Univ Ankara, Series, 
A37 (1988), 1-4. 

6] M.El- Ghoul, The deformation retract of the complex projective space and its topological 
folding, Journal of Material Science, Vol. 30 (1995), 4145-4148. 

7| M.El-Ghoul, Fractional folding of a manifold, Chaos Solitons and Fractals, Vol. 12 (2001), 
1019-1023. 

8] M.El-Ghoul, A.E.El-Ahmady, and H.Rafat, Folding-retraction of chaotic dynamical man- 
ifold and the VAK of vacuum fluctation, Chaos Solutions and Fractals, Vol. 20 (2004), 
209-217. 

E.El-Kholy, Isometric and Topological Folding of Manifold, Ph. D. Thesis, University of 
Southampton, UK (1981). 


Ss 


10 


11 


12 


13 


14 


Effects of Foldings on Free Product of Fundamental Groups 39 


R.Frigerio, Hyperbolic manifold with geodesic boundary which are determine by their 
fundamental group, Topology and its Application, 45 (2004), 69-81. 
A.Hatcher, Algebraic Topology, The web address is: 

http: /www.math.coronell.edu/hatcher. 
W.S.Massey, Algebraic Topology: An Introduction, Harcourt Brace and world, New York 
(1967). 
O.Neto and P.C.Silva, The fundamental group of an algebraic link, C. R. Cad Sci. Paris, 
Ser. I, 340 (2005), 141-146. 
S.A.Robertson, Isometric folding of Riemannian manifolds, Proc. Roy. Soc. Edinburgh, 
77 (1977), 275-289. 


International J.Math. Combin. Vol.2 (2011), 40-51 


Absolutely Harmonious Labeling of Graphs 


M.Seenivasan 


(Sri Paramakalyani College, Alwarkurichi-627412, India) 


A.Lourdusamy 


(St.Xavier’s College (Autonomous), Palayamkottai, India) 
E-mail: msvasan_22@yahoo.com, lourdugnanam@hotmail.com 


Abstract: Absolutely harmonious labeling f is an injection from the vertex set of a graph 
G with q edges to the set {0,1,2,...,q — 1}, if each edge wv is assigned f(u) + f(v) then the 
resulting edge labels can be arranged as ao, a1, @2,...,@g-1 where aj = q—torqg+i, 0O< 
i <q-—1. However, when G is a tree one of the vertex labels may be assigned to exactly 
two vertices. A graph which admits absolutely harmonious labeling is called absolutely 
harmonious graph. In this paper, we obtain necessary conditions for a graph to be absolutely 


harmonious and study absolutely harmonious behavior of certain classes of graphs. 


Key Words: Graph labeling, Smarandachely k-labeling, harmonious labeling, absolutely 


harmonious labeling. 


AMS(2010): 05C78 


§1. Introduction 


A vertex labeling of a graph G is an assignment f of labels to the vertices of G that induces a 
label for each edge xy depending on the vertex labels. For an integer k > 1, a Smarandachely 
k-labeling of a graph G is a bijective mapping f : V — {1,2,---,&|V(G)| + |E(G)|} with 
an additional condition that |f(u) — f(v)| > k for Vuu € E. particularly, if k = 1, i.e., such 
a Smarandachely 1-labeling is the usually labeling of graph. Among them, labelings such as 
those of graceful labeling, harmonious labeling and mean labeling are some of the interesting 
vertex labelings found in the dynamic survey of graph labeling by Gallian [2]. Harmonious 
labeling is one of the fundamental labelings introduced by Graham and Sloane [3] in 1980 in 
connection with their study on error correcting code. Harmonious labeling f is an injection 
from the vertex set of a graph G with q edges to the set {0,1,2,...,q¢—1}, if each edge uv is 
assigned f(u) + f(v)(mod q) then the resulting edge labels are distinct. However, when G is 
a tree one of the vertex labels may be assigned to exactly two vertices. Subsequently a few 
variations of harmonious labeling, namely, strongly c-harmonious labeling [1], sequential labeling 
[5], elegant labeling [1] and felicitous labeling [4] were introduced. The later three labelings 


were introduced to avoid such exceptions for the trees given in harmonious labeling. A strongly 
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1-harmonious graph is also known as strongly harmonious graph. 

It is interesting to note that if a graph G with q edges is harmonious then the resulting 
edge labels can be arranged as ao, @1, d2,°-* ,@g—-1 where aj =i or gq+i, O<i<q—1. That 
is for each i, 0 < i < q—1 there is a distinct edge with label either i or g+%. An another 
interesting and natural variation of edge label could be gq —17 or g+%. This prompts to define a 
new variation of harmonious labeling called absolutely harmonious labeling. 


Definition 1.1 An absolutely harmonious labeling f is an injection from the vertex set of a 
graph G with q edges to the set {0,1,2,...,q¢—1}, if each edge wv is assigned f(u)+f(v) then the 
resulting edge labels can be arranged as ao, @1, 42, ...,@g—1 where a; = q—t or q+t, O<i<q-l. 
However, when G is a tree one of the vertex labels may be assigned to exactly two vertices. A 


graph which admits absolutely harmonious labeling is called absolutely harmonious graph. 


The result of Graham and Sloane [3] states that C,,n & 1(mod 4) is harmonious, but we 
show that C,,,n & 1(mod 4) is not an absolutely harmonious graph. On the other hand, we 
show that C4 is an absolutely harmonious graph, but it is not harmonious. We observe that a 
strongly harmonious graph is an absolutely harmonious graph. 

To initiate the investigation on absolutely harmonious graphs, we obtain necessary condi- 


tions for a graph to be an absolutely harmonious graph and prove the following results: 
1. Path P,,n > 3, a class of banana trees, and P, © Kf, are absolutely harmonious graphs. 


2. Ladders, C, © K¢,, Triangular snakes, Quadrilateral snakes, and mk, are absolutely 
harmonious graphs. 


3. Complete graph K,, is absolutely harmonious if and only if n = 3 or 4. 


4. Cycle C,,,n = 1 or 2 (mod 4), Cm x Cr where m and n are odd, mK3,m > 2 are not 
absolutely harmonious graphs. 


§2. Necessary Conditions 


Theorem 2.1 If G is an absolutely harmonious graph, then there exists a partition (Vi, V2) of 
the vertex set V(G), such that the number of edges connecting the vertices of Vi to the vertices 
of V2 1s exactly /$]- 

Proof If G is an absolutely harmonious graph,then the vertices can be partitioned into 
two sets V; and V2 having respectively even and odd vertex labels. Observe that among the q 
edges ; edges or [3] edges are labeled with odd numbers, according as q is even or q is odd. 
For an edge to have odd label, one end vertex must be odd labeled and the other end vertex 
must be even labeled. Thus, the number of edges connecting the vertices of V; to the vertices 


of V2 is exactly [3]. 


Remark 2.2 A simple and straight forward application of Theorem 2.1 identifies the non 
n(n—1) 


z— edges. If we assign 


absolutely harmonious graphs. For example, complete graph K,, has 
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m vertices to the part V;, there will be m(n — m) edges connecting the vertices of Vi to the 


vertices of V2. If K, has an absolutely harmonious labeling, then there is a choice of m for 
2 
nz — 


which m(n — m) = * . Such a choice of m does not exist for n = 5,7,8.10,.... 


A graph is called even graph if degree of each vertex is even. 


Theorem 2.3 If an even graph G is absolutely harmonious then q = 0 or 3 (mod 4). 


Proof Let G be an even graph with g = 1 or 2 (mod 4) and d(v) denotes the degree of the 
vertex v in G. Suppose f be an absolutely harmonious labeling of G. Then the resulting edge 
labels can be arranged as ao, a1, @2,...,@g—-1 Where aj =q—torqg+i, 0<i<q—1. In other 
words, for each 7, the edge label a; is (q — 7) + 2%b;, 0< i <q—1 where b; € {0,1}. Evidently 


q-l 


Sy avyf(v) —2 kde = (47? 


veVv(G) k=0 2 


As d(v) is even for each v and g = 1 or 2 (mod 4), 


q-1 
S$ d(v)f(v) —25— kbp = 0 (mod 2) 
veV(G) k=0 
qt1 soi 
but ~ 1 (mod 2). This contradiction proves the theorem. 
2 


Corollary 2.4 A cycle C, is not an absolutely harmonious graph ifn 1 or 2 (mod 4). 
Corollary 2.5 A grid Cm x Cy is not an absolutely harmonious graph ifm and n are odd. 


Theorem 2.6 If f is an absolutely harmonious labeling of the cycle Cy , then edges of Cp, can 


be partitioned into two sub sets Ey, Ez such that 


n(n + 1) n(n — 3) 
Ww) + fe) -n)= ES and YD fu) + Fo) =n = 
uve By uve E2 
Proof Let v1v2v3...Unv1 be the cycle C;,, where e; = vj-1v;,2 <i <n and e; = var, . 
Define E, = {uv € E/ f(u) + f(v) —n is non negative} and Ey = {uve E/ f(u) + f(v) - 
n is negative}. Since f is an absolutely harmonious labeling of the cycle Cy, 


Y [F(a + Fo) —n| = MED. 
uveE 
In other words, 
Sy + fe) —nl + SD LF) + fe) —n| = MEY, (1) 
2 
uve by uve€ Ee 


Since owen (f(u) + f(v) —n) = —n, we have 


Yo IF) +f) —n|— S20 |F(u) + fe) — | = -n. (2) 


uve Ey uve E2 
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Solving equations (1) and (2), we get the desired result. 


i a 
Remark 27 tin Signe (nod aythén both, (OY ag 


the cycle C;, is not an absolutely harmonious graph if n = 1 or 2 (mod 4). 


cannot be integers. Thus 


Remark 2.8 Observe that the conditions stated in Theorem 2.1, Theorem 2.3, and Theorem 
2.6 are necessary but not sufficient. Note that Cg satisfies all the conditions stated in Theorems 


8! 
2.1, 2.3, and 2.6 but it is not an absolutely harmonious graph. For, checking each of the 3 
possibilities reveals the desired result about Cx. 


§3. Absolutely Harmonious Graphs 


Theorem 3.1 The path P,+41,where n > 2 is an absolutely harmonious graph. 


Z/+1 ifn20 (mod 4 
Proof Let Py4i : viv2...Un41 be a path, r = =|, s= [3 ( ) 
2 [5] otherwise 
s—1 ifn20orl (mod 4) 2t+2 if n=0or 1 (mod 4) 
t= ,f, =n, To = and T3 = 
8 if n = 2 or 3 (mod 4) 2t+1 if n = 2 or 3 (mod 4) 


—1 if n0or 1 (mod 4) 
2 ifn &2or3 (mod 4). 
Then r+s+t=n+1. Define f : V(Prii) > {0,1,2,3,---,2— 1} by: 


fu) =T -—tiifl <i<r, flu) = To — 21 if1 <i <s and f(typss4i) = T3 + 2: of 
1<i<t. 


Evidently f is an absolutely harmonious labeling of P,+1. For example, an absolutely 


harmonious labeling of Piz is shown in Fig.3.1. 


9 7 5 3 0 4 


Fig.3.1 


The tree obtained by joining a new vertex v to one pendant vertex of each of the k disjoint 
stars Ky n,, Kino, King; ---» Kin, is called a banana tree. The class of all such trees is denoted 
by BT(m, 2, 035 +045 Nk). 


Theorem 3.2 The banana tree BT(n,n,n,...,n) is absolutely harmonious. 
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1 2 36 7 8 11 12 131617 18 


Fig.3.2 


Proof Let V(BT(n,n,n,---,n) = {v}Uf{vj,ujr :1 <7 <k and 1 <r <n} where d(v;) = 
nand E(BT (n,n, n,...,n) = {vvjn :1 <7 < k}U{ujujr s 1 <j < k,l <r <n}. Clearly BT (n,n, 
+++.) has order (n+ 1)k +1 and size (n+ 1)k. Define 


f: V(BT(n,n,--- ,n) > {1,2,3,...,(n+ 1k -1} 
as follows: 
fv) =1, fle) =M4F)G-1):1<9 <k, fr) =M4+YDG-Ytril<r<n. 


It can be easily verified that f is an absolutely harmonious labeling of BT(n,n,n,...,n). For 


example an absolutely harmonious labeling of BT'(4, 4, 4, 4)is shown in Fig.3.2. 


The corona G1 ©Gz2 of two graphs Gi (p1, q) and G2(po, gz) is defined as the graph obtained 
by taking one copy of G; and p; copies of Gz and then joining the i*” vertex of G, to all the 
vertices in the i*” copy of Go. 


Theorem 3.3 The corona P, © KG is absolutely harmonious. 


Proof Let V(PhOKG) = {uj:1<i< n}Uf{ujy:1<i<n,1<j<m)and E(P,OKY) = 
{uiti41: 1 <ic<n-1}U {uimy:1<i<n,1< jy <m}. We observe that P, © KC has order 
(m+1)n and size (m+1)n—1. Define f : V(P, © KO) — {0,1,2,...,mn+n— 2} as follows: 


0 ipa = 1; (m+ 1)i ifl<i< [2] -2, 
flu) = 4 (m+ 1G-) ifi=[2] fluim)= 4 (m41i-1 ifi=[2]-1, 
(m+1)(¢-—1)-—1 otherwise, (m+1)ji-2 [#] <i<n, 


and forl1 <j <m-1, 


(m+ 1-1) +9 if1<i<[#]-1, 


(m+1)G-1)+j—-1 if [3] <i<n. 


f(uiz) = 


It can be easily verified that f is an absolutely harmonious labeling of P, © KG. For example 


an absolutely harmonious labeling of Ps © KY is shown in Fig. 3.3. 
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0 
1 
1 2 12 13 14 16 17 18 


Fig.3.3 


Theorem 3.4 The corona Cy, © K& is absolutely harmonious. 


Proof Let V(CphO KG) = {uj:1<i< n}U{uiy:1<i<n,l <j <m}and FiC,OKo) = 
{uitig1 2 1 <i<n—-1}U {unui} VU {uy :1<i<n,1<j<m}. We observe that C, © Ke 
has order (m+ 1)n and size (m+ 1)n. Define f : V(C, © KG) — {0,1,2,...,mn+n—l} as 
follows: 


0 ifie = 1, 
(m+ 1)i ifl<i<3 
f(u)=4(m+1G-Y-1 if2<i< 3%, flum)= 
(m+1)i-—1 otherwise 
(m+ 1)(é - 1) otherwise, 


and for l1<j<m-1 


(m+1)@-1) +3 if1<i<[#]-1, 


f(uij) = 
wag) (m+1)\G-1)+j-1 if[$] <i<n. 


It can be easily verified that f is an absolutely harmonious labeling of C, © KG. For example 


an absolutely harmonious labeling of Cs © KY is shown in Figure 3.4. 


Fig.3.4 


Theorem 3.5 The ladder P,, x P2, where n > 2 is an absolutely harmonious graph. 


Proof Let V(Py, x Pz) = {u1, U2, Us, --, Un} U {v1, v2, U3,..., Un} and E(P, x Po) = fujyuiqs : 
L<i<n—-T}U {uvig1 1 <i<n—1}U {uju;:1<i<n}. We note that P, x P has order 
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2n and size 3n — 2. 
Case 1. n= 0(mod 4). 
Define f : V(P, x P2) — {0,1,2,...,3n — 3} by 


31-2 if 2 is odd, 


3i—2 if iis even and 2 <2 <3, 


AC an ae ah 
31-1 if 7 is even andi = 5, 
31-3 if i is even and 2 <i <n, 
3n —6 ; ; on 
f(v1) =9, f(vag2) = 7 Fvini) = f(u) + liflsisn—landi# 5. 


Case 2. n=1(mod 4). 
Define f : V(P, x P2) — {0,1,2,...,3n — 3} by 


3i-2 ifiisoddandl<i < 4%, 
3i-1 ifi= 2, 
31-3 if iisodd and 22 <i <n, 


31—2 if 2 is even, 


f(v1) = 0, f(vnes) = 23) f(vinn) =f(u)+lifl<i<n-landix 
Case 3. n= 2(mod 4). 
Define f : V(P, x P2) — {0,1,2,...,3n — 3} by 


31-2 if 2 is odd, 
f(ui) = {3-2 if iis even and 2 <i <3, 


3i—3 if iis even and 4 <i <n, 


f(v1) =0, f(vigr) = ftw) +1if l<i<n-1, 
Case 4. n = 3(mod 4). 


Define f : V(P, x P2) — {0,1,2,...,3n — 3} by 


3i-2 ifiisoddand1<i < 44, 
f(ui) = 4 31-3 if i is odd and 443 <i <n, 


3i—2 if 7 is even. 


fm) =0, faa) = Sy tlifi lst <n=1. 
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In all four cases, it can be easily verified that f is an absolutely harmonious labeling of P, x P2. 


For example, an absolutely harmonious labeling of Py x P2 is shown in Fig.3.5. 


1 4 7 10 14 16 18 22 2 
a20 a14 ag a1 a5 ag Q15 a21 

a24 aig Q13 a7 ao a3 ai) a16 a4 
423 a18 a12 a6 a2 a4 Q11 a17 

0 2 5 8 11 12 17 19 2 


Fig.3.5 


A K,,-snake has been defined as a connected graph in which all blocks are isomorphic to 
kK, and the block-cut point graph is a path. A K3-snake is called triangular snake. 


Theorem 3.6 A triangular snake with n blocks is absolutely harmonious if and only ifn = 
0 or 1 (mod 4). 


Proof The necessity follows from Theorem 2.3.Let G,, be a triangular snake with n blocks 
on p vertices and g edges. Then p = 2n — 1 and q = 3n. Let V(G,) = {u:1<i<n+1}U 
{uj:1<i<n}and E(G,) = {ujuigi, wri, W410i: 1 <i <n}. 


Case 1. n=0 (mod 4). 


Let m= ze Define f : V(G,) — {0,1, 2,...,3n — 1} as follows: 


0 ifi=1, 

21-2 if 2<%< 3m and i=0 or 2 (mod 3), 
Ta 2i—-1 if 2<i< 3m andi=1 (mod 3), 

61 —3n—7 otherwise, 

1 if i=1, 

2i-—1 if 2<i<3m-—1andi= or 2 (mod 3), 
f(vi) = 4 21-2 if 2<i<3m-—1andi=1 (mod 3), 

6m+ 1 if i = 3m, 


6i —3n—3_ otherwise. 


Case 2. n=1 (mod 4). 


= 
Let m= —. Define f : V(G,) — {0,1, 2,...,3 — 1} as follows: 
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0 ie a 

2i —2 if 2<i<3m+42 andi=0 or 2 (mod 3), 
ia 2i-1 if 2<i<3m+2 andi =1 (mod 3), 

61 —3n—7 otherwise, 

1 eet 

2i-1 if 2<i<3m+1andi=0 or 2 (mod 3) 
ar = 9 if 2<i<3m+1 andi =1 (mod 3) 


6i — 3n —3_ otherwise. 


In both cases, it can be easily verified that f is an absolutely harmonious labeling of the 
triangular snake G,,. For example, an absolutely harmonious labeling of a triangular snake 
with five blocks is shown in Fig.3.6. 


Fig.3.6 


Theorem 3.7 K4-snakes are absolutely harmonious. 


Proof Let G,, be a K4-snake with n blocks on p vertices and q edges. Then p = 3n+1 and 
q=6n. Let V(G,) = {ui, vi, wi 1 <i < nhUf{on41} and E(G,) = {urvi, uwi, viw; 2 1 <i < n}u 
{upvigi, Vivig1, WiVig1 11 <i<n} Define f :V(G,) — {0,1,2,...,6n — 1} as follows: 


f (us) = 31- 3, f(ui) = 31 —- 2, f (wi) = 31-1 


where 1 <i <n, and f(vn4i1) = 3n +1. It can be easily verified that f is an absolutely 
harmonious labeling of G, and hence K4-snakes are absolutely harmonious. For example, an 
absolutely harmonious labeling of a K4-snake with five blocks is shown in Fig.3.7. 
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Fig.3.7 


A quadrilateral snake is obtained from a path uj u32...Un41 by joining u;, uj, to new vertices 
U;, W; respectively and joining v; and w;. 


Theorem 3.8 All quadrilateral snakes are absolutely harmonious. 


Proof Let G,, be a quadrilateral snake with V(G,,) = {u,: 1 <i<n+1 }Uf{uj;,wi:1<i<n} 
and E(G,) = {usuigi, Udi, Ui wi, Uwe: l<i<n}. Then p = 3n+4+1 and q = 4n. Let 
if n =0 (mod 2) 


m=? 
at if n=1 (mod 2) 
Define f : V(G,) — {0,1, 2, ...4n — 1} as follows: 


0 if i=1, 
flui)=F4-6 if2<i<m+1, , fwd= 
4i-7 ifm+2<i<n+4+l1 


4i-3 if1<i<m, 
4i-2 ifm+1<i<n, 
Ai if1<i<m, 


f(wi) = 


4i-—1 ifm+1<i<n. 


It can be easily verified that f is an absolutely harmonious labeling of the quadrilateral snake 
Gy, and hence quadrilateral snakes are absolutely harmonious. For example, an absolutely 


harmonious labeling of a quadrilateral snake with six blocks is shown in Fig.3.8. 


1 a9 4 9 a3 «12 18 413 19 
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Theorem 3.9 The disjoint union of m copies of the complete graph on four vertices, mK, is 


absolutely harmonious. 


Proof Let u where 1 <i < 4and1 <j < m denotes the i*” vertex of the j*” copy of mK4. 
We note that that mK, has order 4m and size 6m. Define f : V(mik4) — {0, 1,2, ...6m— 1} 
as follows:f(wt) = 0, f(wb) = 1, f(wd) = 2, fuk) = 4, fu2) = @ — 3, f(u3) = @ — 4, (ud) = 
q—5,f(ui) = q-7, f(ul**) = f(u]) + 6 if j is odd,and f(uj**) = f(uj) — 6 if 7 is even, 
where 1 <i<4and1< j < m-—2. Clearly f is an absolutely harmonious labeling. For 
example, an absolutely harmonious labeling of 544 is shown in Figure 11. Box 


Observation 3.10 If f is an absolutely harmonious labeling of a graph G,which is not a tree, 
then 


1. Each x in the set {0,1,2} has inverse image. 
2. Inverse images of 0 and 1 are adjacent in G. 


3. Inverse images of 0 and 2 are adjacent in G. 


Theorem 3.11 The disjoint union of m copies of the complete graph on three vertices, mK3 


is absolutely harmonious if and only if m=1. 


Proof Let u! ,wherel <i< 3 and 1 < j < m denote the i” vertex of the j*” copy 
of mkK3. Assignments of the values 0,1,2 to the vertices of K3 gives the desired absolutely 
harmonious labeling of K3. For m > 2, mK3 has 3m vertices and 3m edges. If mK3 is 
an absolutely harmonious graph, we can assign the numbers {0,1,2, 3mm — 1} to the vertices 
of m3 in such a way that its edges receive each of the numbers ao,q@1,...,¢g-1 where a; = 
q—torqti,0<i<q-1. By Observation 3.10, we can assume, without loss of generality that 
f(ut) = 0, f(uz) = 1, f(u3) = 2. Thus we get the edge labels ag_1, @g—2 and aq—3. In order to 
have an edge labeled ag_4, we must have two adjacent vertices labeled q— 1 and q— 3. we can 
assume without loss of generality that f(u7) = q—1 and f(u3) = q—3. In order to have an 
edge labeled ag_5, we must have f(u3) = q—4. There is now no way to obtain an edge labeled 


@g—6- This contradiction proves the theorem. 


Theorem 3.12 A complete graph Ky, is absolutely harmonious graph if and only if n = 8 or 4. 


Proof From the definition of absolutely harmonious labeling, it can be easily verified that 
Ky, and K2 are not absolutely harmonious graphs. Assignments of the values 0, 1,2 and 0,1, 2,4 
respectively to the vertices of K3 and Ky, give the desired absolutely harmonious labeling of 
them. For n > 4, the graph K,, has q > 10 edges. If K,, is an absolutely harmonious graph, we 
can assign a subset of the numbers {0,1,2, q — 1} to the vertices of K,, in such a way that the 
edges receive each of the numbers ao,q1,...,@g-1 where aj = q—t or g+i,0<i<q-—l. By 
Observation 3.10, 0,1, and 2 must be vertex labels. With vertices labeled 0,1, and 2, we have 
edges labeled ag_1,@g—2 and ag_3. To have an edge labeled ag_4 we must adjoin the vertex 
label 4. Had we adjoined the vertex label 3 to induce ag_4, we would have two edges labeled 
@g—3, namely, between 0 and 3, and between 1 and 2. Had we adjoined the vertex labels q — 1 
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and q — 3 to induce ag_4, we would have three edges labeled a,, namely, between gq — 1 and 
0, between gq — 1 and 2, and between gq — 3 and 2. With vertices labeled 0,1,2,and 4, we have 
edges labeled a@g_1, Gg—2, @q—3, Aq—4, Aq—5, and ag—¢. Note that for K4 with q = 6, this gives 


the absolutely harmonious labeling. To have an edge labeled ag_7, we must adjoin the vertex 
label 7; all the other choices are ruled out. With vertices labeled 0,1,2,4 and 7, we have edges 


labeled ag—1, @g—2, @q—3, Gq—4, Aq—5, Aq—6, Aq—7; Aqg—8, Aq—g, aNd ag_11. There is now no way 


to obtain an edge labeled ag_10, because each of the ways to induce ag_19 using two numbers 
contains at least one number that can not be assigned as vertex label. We may easily verify 


that the following boxed numbers are not possible choices as vertex labels: 


mR © 


Bee 


[sl 

4 [6] 
=e 
ee 
q—3 q—7 


This contradiction proves the theorem. 
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Abstract: In this paper, we study the crossing number of the complete bipartite graph 
Kan in torus and obtain 
n n 
orr(Kan) = [ZI Qn —4(1 + |2))). 
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§1. Introduction 


A complete bipartite graph Ky» is a graph with vertex set Vj UV2, where VN V2 = 9, |Vil =m 
and |V2| = n; and with edge set of all pairs of vertices with one element in V; and the other in 
V2. The vertices in V; will be denoted by };, b;,bz,--- and the vertices in V2 will be denoted by 
Qi, j,k,°°* 

A drawing is a mapping of a graph G into a surface. A Smarandache Y-drawing of a 
graph G for a graphical property # is such a good drawing of G on the plane with minimal 
intersections for its each subgraph H € #. A Smarandache #-drawing is said to be optimal if 
# =G and it minimizes the number of crossings. Particularly, a drawing is good if it satisfies: 
(1) no two arcs which are incident with a common node have a common point; (2) no arc has a 
self-intersection; (3) no two arcs have more than one point in common; (4) no three arcs have 
a point in common. A common point of two arcs is called as a crossing. An optimal drawing 
in a given surface is a good drawing which has the smallest possible number of crossings. This 
number is the crossing number of the graph in the surface. We denote the crossing number 
of G in T, the torus, by crr(G), a drawing of G in T by D. In this paper, we often speak of 
the nodes as vertices and the arcs as edges. For more graph terminologies and notations not 
mentioned here, you can refer to [1,3]. 


Garey and Johnson [2] stated that determining the crossing number of an arbitrary graph 
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is NP-complete. In 1969, Guy and Jenkyns [4] proved that the crossing number of the complete 

(n=3)* 
T2 

the complete bipartite graph Ky, in torus. In 1971, Kleitman [6] proved that the crossing 


bipartite graph K3,, in torus is | |, and obtained the bounds on the crossing number of 
number of the complete bipartite graph K5,, in plane is 4|4||45+| and the crossing number of 
the complete bipartite graph K¢,, in plane is 6| + | [2+]. Later, Richter and Sirait [7] obtained 
the crossing number of the complete bipartite graph 3, in an arbitrary surface. Recently, 
Ho [5] proved that the crossing number of the complete bipartite graph K4,,, in real projective 
plane is |$|(2n — 3(1 + |4])). In this paper, we obtain the crossing number of the complete 
bipartite graph K,4,, in torus following. 


Theorem 1 The crossing number of the complete bipartite graph K4,, in torus is 


crr(Kan) = |Z J(@n— 401 + [5J))- 


nm nm 


For convenience, let f(n) = [Zin —A(1+ zd): 


§2. Some Lemmas 


In a drawing D of the complete bipartite K,,,, in T, we denote by crp(a;,a;) the number of 
crossings on edges one of which is incident with a vertex a; and the other incident with a;, and 


by crp(a;) the number of crossings on edges incident with a;. Obviously, 


n 
crp(ai) = S- Cr p (Gi, Ax). 
k=1 


In every good drawing D, the crossing number in D, crr(D), is 


cry (D) = > Cr p (Gj, Ax). 


i=1 k=i+1 


As crp(ai,a;) = 0 for all i, hence 


Fig.1. An optimal drawing of K44 in T 
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Note that, in a crossing-free drawing of a connected subgraph of the complete bipartite 
graph Ky», every circuit has an even number of vertices, and in particular, every region into 
which the edges divide the surface is bounded by an even circuit. So, if F is the number of 
regions, & the number of edges and V the number of vertices, by the Eular’s formula for T, 


V-E+F20 
P2>E=V, (2) 
AF < 2E. (3) 


Suppose we have an optimal drawing of the complete bipartite graph Ky, in T, i.e., one with 
exactly crr(Km,n) crossings. Then by deleting crr(Km,n) edges, a crossing-free drawing will 
be obtained. From equations (2) and (3), 


1 1 
E-V=(mn-crr(Kmn)) -—-(mtn)<F< 5# - 3 ((mn —crr(Kmn)); 
this implies 
cr¢(Kmn) > mn — 2(m+n). (4) 


In particular, 
crp (Kan) > 2n-8. (5) 


In Fig.1, it is a crossing-free drawing of the complete bipartite graph K44 in T’, hence 
cry (K4,4) = 0. (6) 
In paper [4], the following two lemmas can be find. 
Lemma 1 Let m,n,h be positive integers such that the complete bipartite graph Km,n embeds 
in T, then 


m,m-—-1 


ore(Kmm) S sl 2n— AO + LEILA. 


Lemma 2 If D is a good drawing of the complete bipartite graph Km n in a surface % such 
that, for some k <n, some Km,% is optimally drawn in X, then 


crs(D) > ers(Km,n) + (n — k) (ers (Km pei) — cre (Km,n)) + ors (Kmn—k)- 


Fig.2 
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Lemma 3 For n> 4, err(Kan) < f(n); especially, when 4 <n < 8, err(Kan) = f(n). 


Proof As crr(K4,4) = 0, by applying Lemma 1 with m = h = 4, then crr(K4an) < 
f(n), n > 4. Especially, as f(n) = 2n — 8 for 4 < n < 8, combining with equation (5), then 
cr¢ (Kan) = f(n) ford<n<8. 


Fig.4 Fig.5 


Lemma 4 There is no good drawing D of K45 in T such that 


(1) erp(a1, a2) = crp(a1,4;) = crp(a2,a;) =0 for 3 <i <5; 


(2) erp(a3, a4) = crp(a3, a5) = crp(a4,a5) = 1. 


ay 


ar by] | 
bn ag 


Fig.6(7) Fig.6(8) 


Proof Note that T can be viewed as a rectangle with its opposite sides identified. As D is 
a good drawing, by deformation of the edges without changing the crossings and renaming the 
vertices if necessary, we can assume that the edges incident with a, are drawn as in Fig.2. Since 
crp(a1, a2) = 0, by deformation of edges without changing the crossings, we also assume that 
the edge a2b; is drawn as in Fig.3. If the other three edges incident with az are drawn without 
passing the sides of the rectangle (see Fig.3), then no matter which region a3 is located, we 
have crp(a1,a3) > 1 or crp(az2,a3) > 1. 
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So, there is at least one edge incident with ag which passes the sides of the rectangle. By 
deformation without changing the crossings and renaming the vertices if necessary, we assume 
that edge azb2 passes the top and bottom sides of the rectangle only one time and is drawn as in 
Fig.4. Then we cut T along the circuit a,b,a2b2a, and obtain a surface which is homeomorphic 
to a ring in plane, denote by P, see Fig.5. Now, we put the vertices b3, b4, in P and use two 
rectangles to represent the outer and inner boundary which are both the circuit a,b, a2b2a}. 

As the vertices b3 and b4 are connected to a; and ag either in the outer or in the inner 
rectangle, which together presents 16 possibilities. In some cases, the four edges can either 
separate the two rectangles or not, implying up to 32 cases. Using symmetry, several cases are 
eliminated: without loss of generality, the vertex b3 is connected to a2 in the outer rectangle. 


Fig.8(4) 


First, assume that b3 is also connected to a; in the outer rectangle. If b4 is connected to 
both a; and ag in the outer rectangle, we obtain Fig.6(1) if the four edges separate the two 
rectangles, and Fig.6(2) if they do not. If b4 is connected to a, in the inner rectangle and ag in 
the outer rectangle, we obtain Fig.6(3). If it is connected to a; in the outer rectangle and ag 
in the inner rectangle, then by relabeling a; and a2, we obtain Fig.6(3). If b4 is connected to 
both a; and ag in the inner rectangle, we obtain Fig.6(4). 
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Second, assume that b3 is connected to a, in the inner rectangle. If b4 is connected to both 
a, and ag in the outer rectangle, then by relabeling of bz and b4, we obtain Fig.6(3). If b4 is 
connected to a; in the inner rectangle and ag in the outer rectangle, we obtain Fig.6(5) if the 
four edges separate the two rectangles, and Fig.6(6) if they do not. If b4 is connected to ag in 
the inner rectangle and a, in the outer rectangle, we obtain Fig.6(7). Finally, if b4 is connected 
to both a, and ag in the inner rectangle, we obtain Fig.6(8). 


oa by 


Fig.9(4) 


Now, by drawing Fig.6(1) back into T and cut T along the circuit a ,b2a2b4a1, we obtain 
Fig.7(1); by drawing Fig.6(6) back into T and cut T along the circuit a1b4a2b2a1, we obtain 
Fig.7(2). It is easy to find out that Fig.7(1) and Fig.6(4), Fig.7(2) and Fig.6(3) have the same 
structure if ignoring the labels of b. In Fig.6(8), by exchanging the inner and outer rectangles 
and the labels of bs, b4, we obtain Fig.6(3). In Fig.6(2), as each region has at most 3 vertices 
of {b1, bo, b3, ba} on its boundary, we will have crp(a1,a;) > 1 or crp(a2,a;) > 1 for i = 3,4, 5. 
So, we only need to consider the cases in Fig.6(3-5,7). 

In Fig.6(3), since crp(a1,a3) = crp(a2,a3) = 0, we can draw the edges incident with 
az in four different ways, see Fig.8(1-4). Furthermore, as crp(ai,a4) = crp(a2,a4) = 0 and 
crp(a3, a4) = 1, a4 can only be putted in region I or II. In Fig.8(3-4), we can draw the edges 
incident with a, in four different ways, see Fig.9(1-4). In Fig.8(1-2), there are also four different 
ways to draw the edges incident with a4, but they can be obtained by relabeling a3 and aq in 
Fig.9((1-4). Then, we can see that no matter which region as lies, we cannot have crp(a3, a5) = 
crp(@4, a5) = 1. 


ay by a b ay by 


by 


\ 

\ a ato 

| Meer 
\ [ay\ 
\ 


\ bg ——_@2 \ 
\ a 


bo a2 


Fig.10(1) Fig.10(2) Fig.10(3) 


In Fig.6(4), we have only one way to draw the edges incident with a3, see Fig.10(1). 
Furthermore, we have two drawings of a4 in Fig.10(1), see Fig.10(2-3). But, by observation, we 
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cannot have crp(a3, a5) = crp(a4,a5) = L. 
In Fig.6(5,7), no matter which regions ag, a4 locate, we will have crp(a3,a4) > 2 or 


cr p(a3, a4) = 0. Now, the proof completes. 


§3. The proof of the Main Theorem 


The proof of Theorem 1 is by induction on n. The base of the induction is n < 8 and has been 
obtained from Lemma 3. For n > 9, by Lemma 3, we only need to prove that crr(K4n) > f(n). 
Let n = 4q+r where 0 < r < 3, and D be an optimal drawing of K4,, in T. 

First, we assume that there exists a K44 in D which is drawn without crossings. From 
Lemma 3, crr(K4,5) = 2, and by the inductive assumption, crr(K4.n—4) = f(n—4). Hence, by 
applying Lemma 2 with m=k = 4, 


err(D) > 2n—4) + f(n—4) = 2-4) + [2 T* Jan — 4) - 40 + (2p) 
= 8¢+2r—8+ (q—1)(4q + 2r — 8) = 4q7 + 2ar — 4g, 
which is f(n), since 
f(n) = |FJ(Q2n— 41+ [ZJ)) = a(8q+ 2r — 4(1 + q)) = 4g? + 2gr — 4g. (7) 


Second, we assume that every K44 in D is drawn with at least one crossings. Clearly, 
K4, contains n subgraphs K4,-1, each contains at least f(n — 1) crossings by the inductive 
hypothesis. As each crossing will be counted n — 2 times, hence 


erg(D) 2 Serr (Kan—1) = —f(n =o) (8) 


2 
From equation (7), 
q(4q — 4), for n = 4q, 
fn) = as — 2), forn = 4q +1, 
4q°, for n = 4q + 2, 
q(4q + 2), for n = 4q+3. 


Combining this with equation (8), 


q(4q — 4), for n = 4q, 
4qg—2)-1-#4,, forn =4q+1, 

atipys q(4q — 2) Teo q 
dq? — 1, for n = 4q+4 2, 
q(4q+ 2) — 4, for n = 4q +3. 


As n> 9, namely q > 2, and the crossing number is an integer, thus, when n = 4q or 4q + 3, 
erp(Kan) = err(D) = f(n); 
when n = 4q+ 1 or 4q + 2, 


crp (Kan) = crr(D) > f(n)-1. 
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Therefore, only the two cases n = 4q+1 and n = 4q+2 are needed considering. In the following, 
we assume that crr(K4n) = crr(D) = f(n)—1 for n = 4q+1 or 4q+2, and denote the drawing 
of K4n—1 obtained by deleting the vertex a; of K4,, in D by D — {aj}. 


Case l. n=4q+1. 
By the inductive assumption, 
err(D — {a;}) 2 f(4q), 1 <i <4q+1. 
As crr(D) = f(4q+ 1) —1 = 4q? — 2q—-1, then 
erp(ai) = err(D) — err(D — {ai}) < f(4q+ 1) -1- f(4q) = 2q-1, 1 <i < 4g 41. 


Let x be the number of a; such that crp(a;) = 2q¢ —1, y be the number of a; such that 
crp(a;) = 2q — 2, thus, the number of a; such that crp(a;) < 2q —3 is 4g+1- («+ y). By 
equation(1), it holds 


(2qg—-l)a + (2q-2)y+ (4g+1-a—y)(2q- 3) > 2err(D) = 8q? — 4q — 2 
2a+y > 6q+l1. 


Asx+y<4q+1, then x > 2q. Without loss of generality, by renaming the vertices, suppose 
that crp(ai;) = 2q—1 fori< x. 


Case 1.1 There exists a pair of (i,j), 1< i<j <a, such that crp(a;,a;) = 0. Denote the 
drawing of the graph K4,4g-1 obtained by deleting the vertices a;,a; of the graph K4j4g41 in 
D by D — {a;,a;}. Then, 


err(D — {ai,a;}) = f(4q¢+ 1) —1—2(2q-1) = 4¢? — 6 +1. 


But this contradicts the inductive assumption that crr(K44g-1) = f(4q— 1) = 4q? — 6¢ + 2. 
Case 1.2 For every (i,j), 1 < i<j < x, erp(a,a;) > 1. As crp(a;) = 2¢ — 1, obviously, 
x = 2q and 


crp(aj,aj) =1, 1<i<j <2q, erp(aj,an) =0, 1<i<2q<h<4qtl. 


Furthermore, as x+y < 4q+1 and 2x+y > 6q+4+ 1, then y = 2q+ 1. By the definition of y, 
there exist apn,a@,%, where 2g+1<h<k < 4q+1, such that crp(apn, az) = 0. Now, we obtain 
a drawing of K45 in T with vertices ap, ax, 41, 42,a3 such that crp(an,a~) = crp(an, ai) = 
crp(ag,ai) = 0 (1 <i < 3) and erp(a1, a2) = crp(a1,a3) = crp(a2,a3) = 1. Contradicts to 
Lemma 4. 


Combining the above two subcases, we have err(K4,4g+1) = f(4q¢ + 1) = q(4¢ — 2). 
Case 2. n=4q+4+2. 


By the inductive assumption, 


err(D — {ai}) = f(4q+1) =¢g(4qg—-2), 1<is4q+2. 
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As crr(D) = f(4q+ 2) —1 = 4¢? — 1, thus 


erp(ai) = err(D) — err(D — {ai}) < (f(4¢ 


Let ¢ be the number of a; such that crp(a;) 
such that crp(a;) < 2q — 2. From equation ( 


= 2q —1, then there are (4q + 2 — t) vertices a; 
1), 


2q —2)(4q +2 


t) > 2er7(D) = 8q? — 2 
4q + 2. 


Ast <n=4q+ 2, hence, t = 4q + 2, this implies that crp(a;) = 2qg—1 (1 <i < 4q+2). 
If there exists a pair of (2,7), 1<i<j <4q+ 2, such that crp(a;,a;) > 3, then, 


erp (D — {a;}) = err(D) — erp(a;) = 4q* — 1 — (2q¢ — 1) = 4¢? — 2¢, 
and 


eF(p—{a;})(4;) = erp(a;) — erp(a;,a;) < 2g -—1-—3 = 2q—4. 
Now, by putting a new vertex a, near the vertex a, in D—{a;} and drawing the edges a;bp(1 < 


k < 4) nearly to a;by, a new drawing of K4,4¢+2 in T is obtained, denoted by D’. Clearly, 


Crp! (a;,a;) = 2 and crpy (a;,an) = Cr p—{a,}(@j, An), h Fj. 
Thus, 


erp(D ) = err(D — {ai}) +2 + er(p_ Gaz} (ay) < 4 — 2. 
But, this contradicts to the hypothesis that err (K4,4q+2) > 4q° — 1. 


Therefore, for 1 <i< j < 4q+2, crp(ai,a;) < 2. For each aj, 1 <i < 4q+4 2, let 


5 = {a;|erp(ai,a;) =0, 7 i}, SQ ={a;|erp(ai,a;) > 1}, 
S® = {a;|erp(a:,a;) = 1}, 


S$? = {aj | erp(ai,a;) = 2}. 
As crp(a;,a;) < 2, erp(a;) = 2q — 1 is odd, then, for 1 <i < 4q+ 2, 
O45;° CSS}, 15)"1+199°] = 159} 


|, 1SSi] = 2q- 1-153? . 
Furthermore, since q > 2, 


(96?| = 4g +2 -1- [SQ] = 2g +2 +[5$?| > 6. 
For 1<i<j <4q+2, clearly, 
So USS Utah = be USS tay. 
If crp(ai,a;) = 0 and ae n so = @, then, the above equation implies that 
Sesh) amd. SE) e go. 


(10) 
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Without loss of generality, let 
[SoP| = max{|S0| |1<i<4qt2}, [SP] = max{|s™| |a; € SO}. 
For 3 <i <4q4 2, if a; ¢ che U so, then a; € so) ia) se), This means that 


I9§? 5? | = 4q— [SG] U SQ] = 4a — [9Q)| — 1822] + 18) ns. 


From equation (9), then 


(sh) nSP| = 2+ [SP] + [SP] 4 [SQ n sO). (11) 


With these notations, it is obvious that 1s) > |S0| and crp(a1, a2) = 0. In the following, 
the discussions are divided into two subcases according to Oe n oS = 0) or not. 


Case 2.1 So n che # i. Let ibe a soy =a > 1, from equation (11), 
IS? ns) = 24 [S| + [SP | +0. 


First, we choose a vertex from so) nN Ss?) without loss of generality, denoted by a3. By 
the assumption that every K44 in D is drawn with at least one crossings, hence crp(a3,a;) > 1 
for all a; € so Nn Ss?) a; # a3. Let U = {a;|erp(a3,a;) = 1, a € © a Sy. Since a3 € SQ) 
and |S{?)| = max{|$%| |a; € S"}, then |S®| < |S] and 


[U| > |S ns) -1-|s®| > 14 |s| +a. 


Second, we choose a vertex from U, denoted by a4. By the assumption that every K4,4 in D 
is drawn with at least one crossings, crp(a4,a;) > 1 for alla; € U,a; 4 a4. As isi < 1S |(for 
so? | = max{ |S | |1<i<4q+2}), thus |U \ s| > a> 1 and there exists one vertex in U, 
denoted by as, such that crp(a4,a5) = 1. Now, we have a drawing of K45 in T’ with vertices 
41,2, 43,04,a5 such that crp(a1,a2) = crp(ai,aK) = crp(a2,ax) = 0 for 3 < k < 5 and 


crp(a3, 44) = crp(a3, a5) = crp(a4, a5) = 1. But, this contradicts to Lemma 4. 
Case 2.2 SQ n Ss? = (). From equation (11), 
1 2 1 2 
ISP SP] = 2+ [SM] + [SP |. 


We choose a vertex from so Nn s@), also denoted by ag. By the same discussion as in case 
2.1, we have crp(a3,a;) > 1 for all a; € 5% a se), a; # a3. Let A = {a;|crp(a3, a;) = 2, a; € 
S952), & = {a;|erp(a3,a;) =1, a € SNS}. As az € SM, |SP| = max{|SY| |a; € 
5} and [S| = max{|S0| |1 <i < 4q+ 2}, then 


MESPY |< (SP) SP] S158", (12) 


and 


|e] = [S$ ns] —1— JA] =14 [S$] + |s?| - [al (13) 


If there are two vertices in ®, denoted by a4, a5, such that crp(a4,a5) = 1. Then we also 


have a drawing of K45 with vertices aj, a2, a3, a4, a5 which will contradict to Lemma 4. Hence, 
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for all aj,a; € ®(a; # a;), crp(ai,a;) # 1, this implies that crp(a;,a;) = 2 since crp(ai, a;) 


cannot be zero (otherwise there exists A'4,4 in D drawn with no crossings), and 
[S$?| > |®| —1. 
Furthermore, if |A] < 1s), by equation(13), |®| > 1+ 1S, and for each a; € ®, 
[S| > |e] —1 > [Ss }. 
This contradicts the maximum of )oiP |. Thus, 
JA] = 193], |®| = 1 +153", 


and for each a; € ®, 
[38] > |] -1 =|5)}. 


As |50?| < |8°| < |S? |, combining equation (12), 


Iss | = [S| = |S = [s$?1, (14) 


and 
SO =a cs ns? 


Combining equations (14) and (9), for each a; € ®, 


IsS)| = |sQ| = |s@| = |sQ, 


and 


Sy? | = [SQ] = 187? | = 1527. 


As |®| =14 [so | | [si| |A| > 1, we choose a vertex from ® and denote it by aq. 

If there exists a pair of (i,j), ¢ © {1,2} and 7 € {3,4}, such that So n oe # ), by 
replacing SQ) a s? # @ with s@ a sy) # () in case 2.1, as aj € sg a) Sj = 3,4) and 
1s = [S| = max{|s$| |1<k <4q+ 2}, we also can obtain a contradiction to Lemma 4. 

So, for every (i,j), i € {1,2} and j € {3,4}, Sn SY = 9. As SY nS = O and 
crp (ai, aj) = erp(a1, a2) = 0, combining equations (9) and (10), then 7 7 


OSes e Cay nS. hs, end Oe Cel eS aes, 


Since 3) # Q), there exists a vertex, denoted by as, such that as € sf) Cc s@) a s&) a SQ), 
This implies that 


crp(a1, a5) = 1 and crp(a2, as) = crp(a3, a5) = crp(aa, a5) = 0. 


As SA ns® =O, |S) | = [si| = Is), cr p(d2,a3) = 0 and as C sys), by replacing 
sQ) nN s® =6 with s&) a s® = () and replacing a3 with as in the beginning part of Case 2.2, 
we also can obtain that \s| = 1s?) = [S| and sf) Cc Ss?) al s®), This means that, for any 
vertex ap € Se), 


crp(ds,az) <1. (15) 
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As Ss?) # (), there exists one vertex in se), denoted by ag, such that crp(as,a¢) = 0. 


Otherwise, from equation (15) and crp(a1,a5) = 1, 3?) U {ay} Cc sf), As a, ¢ s?), then 


is 


) > 1s?) + 1, which contradicts to [S| = [si?)| - (so), Furthermore, as ag € s?) S 


so) a Ss) nN sf, we also have 


cr p(a2, a6) = 1 and crp(ai, ae) = crp(a3, a6) = crp(a4, ag) = 0. 


Hence, we obtain a good drawing of K4¢ in T, denoted by D’, with 


and 


This contradicts to Lemma 3. Thus, crr(K4,49q+2) = err(D) = f(4q + 2) = 4¢’. 


6 
Cr pt (aj) = S- erp(ai, a5) = 1, 1 < 1 < 6, 
j=l 


6 
1 
crr(K46) < erp (D’) = 3 ) crp: (a;) = 3. 
i=l 
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Abstract: In this communications, the concept of pathos semitotal and total block graph 
of a graph is introduced. Its study is concentrated only on trees. We present a characteriza- 
tion of those graphs whose pathos semitotal block graphs are planar, maximal outer planar, 
non-minimally non-outer planar, non-Eulerian and hamiltonian. Also, we present a char- 
acterization of graphs whose pathos total block graphs are planar, maximal outer planar, 
minimally non-outer planar, non-Eulerian, hamiltonian and graphs with crossing number 


one. 


Key Words: Pathos, path number, Smarandachely block graph, semitotal block graph, 
Total block graph, pathos semitotal graph, pathos total block graph, pathos length, pathos 


point, inner point number. 
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§1. Introduction 


The concept of pathos of a graph G was introduced by Harary [2], as a collection of minimum 
number of line disjoint open paths whose union is G. The path number of a graph G is the 
number of paths in pathos. A new concept of a graph valued functions called the semitotal 
and total block graph of a graph was introduced by Kulli [6]. For a graph G(p,q) if B = 
{u1, U2, U3,...,Up;r > 2} is a block of G, then we say that point uz and block B are incident 
with each other, as are ug and B and so on. If two distinct blocks B, and Bz are incident with 
a common cut point, then they are adjacent blocks. The points and blocks of a graph are called 
its members. A Smarandachely block graph T¥ (G) for a subset V C V(G) is such a graph with 
vertices V U B in which two points are adjacent if and only if the corresponding members of G 
are adjacent in (V), or incident in G, where B is the set of blocks of G. The semitotal block 
graph of a graph G denoted by T,(G) is defined as the graph whose point set is the union of 
set of points, set of blocks of G in which two points are adjacent if and only if members of G 
are incident, thus a Smarandachely block graph with V = @. The total block graph of a graph 
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G denoted by Tp(G) is defined as the graph whose point set is the union of set of points, set 
of blocks of G in which two points are adjacent if and only if the corresponding members of G 
are adjacent or incident, i.e., a Smarandachely block graph with V = V(G). Stanton [11] and 
Harary [3] have calculated the path number for certain classes of graphs like trees and complete 
graphs. 

All undefined terminology will conform with that in Harary [1]. All graphs considered here 
are finite, undirected and without loops or multiple lines. 

The pathos semitotal block graph of a tree T denoted by Pr, (TJ) is defined as the graph 
whose point set is the union of set of points, set of blocks and the set of path of pathos of T in 
which two points are adjacent if and only if the corresponding members of G are incident and 
the lines lie on the corresponding path P; of pathos. Since the system of pathos for a tree is 
not unique, the corresponding pathos semitotal and pathos total block graph of a tree T is also 
not unique. 

In Fig.1, a tree T, its semitotal block graph T,(T) and their pathos semi total block Pr, (T) 
graph are shown. In Fig. 2, a tree T, its semitotal block graph T;(T) and their pathos total 
block Pr, (T) graph are shown. 

The line degree of a line uv in a tree T, pathos length, pathos point in T’ was defined by 
Muddebihal [10]. If G is planar, the inner point number i(G) of a graph G is the minimum 
number of points not belonging to the boundary of the exterior region in any embedding of G 
in the plane. A graph G is said to be minimally nonouterplanar if i(G) = 1, as was given by 
Kulli [4]. 


We need the following results to prove further results. 


Theorem [A][Ref.6] Jf G is connected graph with p points and q lines and if b; is the number 
Pp 

of blocks to which v; belongs in G, then the semitotal block graph T,(G) has 6: ) +1, points 
i=1 


P 
and q+ eS s) lines. 
i=1 
Theorem [B][Ref.6] If G is connected graph with p points and q lines and if b; is the number 
Pp 
of blocks to which v; belongs in G, then the total block graph Tp(G) has (= bs) +1, points 
1=1 


Be Ope ee W as 
andq+ >> lines. 
i=1 2 


Theorem [C][Ref.8] The total block graph Tp(G) of a graph G is planar if and only if G is 


outerplanar and every cutpoint of G lies on atmost three blocks. 


Theorem [D] [Ref.7] The total block graph Tp(G) of a connected graph G is minimally 


nonouter planar if and only if, 


(1) G is a cycle, or 


(2) G is a path P of length n > 2, together with a point which is adjacent to any two adjacent 
points of P. 
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r T,(T) PAL) 


Figure 1: 


Theorem [E][Ref.9] The total block graph Tp(G) of a graph G crossing number 1 if and only 
if 
(1) G is outer planar and every cut point in G lies on at most 4 blocks and G has a unique 
cut point which lies on 4 blocks, or 


(2) G is minimally non-outer planar, every cut point of G lies on at most 3 blocks and exactly 


one block of G is theta-minimally non-outer planar. 
Corollary [A][Ref.1] Every nontrivial tree contains at least two end points. 
Theorem [F][Ref.1] Every maximal outerplanar graph G with p points has (2p — 3) lines. 
Theorem [G][Ref.5] A graph G is a non empty path if and only if it is connected graph with 


Pp 
p> 2 points and > d;? — 4p + 6 = 0. 
i=1 


§2. Pathos Semitotal Block Graph of a Tree 


We start with a few preliminary results. 
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Remark 1 The number of blocks in pathos semitotal block graph of Pr,(T) of a tree T is equal 
to the number of pathos in T. 


Remark 2 If the degree of a pathos point in pathos semi total block graph Pr,(T) of a tree T 
is n, then the pathos length of the corresponding path P; of pathos in T isn —1. 


Kulli [6] developed the new concept in graph valued functions i.e., semi total and total 
block graph of a graph. In this article the number of points and lines of a semi total block 
graph of a graph has been expressed in terms of blocks of G. Now using this we have a modified 
theorem as shown below in which we have expressed the number of points and lines in terms 


of lines and degrees of the points of G which is a tree. 


Theorem 1 For any (p,q) tree T, the semitotal block graph T,(T) has (2qg +1) points and 3q 


lines. 


Pp 
Proof By Theorem [A], the number of points in T)(G) is & b; ) +1, where 6; are the 
w=1 
number of blocks in T’ to which the points v; belongs in G. Since 5+ b; = 2q, for G is a tree. 
Thus the number of points in T}(G) = 2q¢+ 1. Also, by Theorem [A] the number of lines in 
b 
T)(G) are q+ @ b), since )~ b; = 2q for G is a tree. Thus the number of lines in T;,(G) is 
i=1 


q+ 2q = 3¢. 


In the following theorem we obtain the number of points and lines in Pr,(T). 


Theorem 2 For any non trivial tree T, the pathos semitotal block graph of a tree T, whose 


points have degree d;, then the number of points in Pr,(T) are (2g+k+1) and the number of 
1 P 
lines are (2 +24 3 Se @) , where k ts the path number. 
i=l 


Proof By Theorem 1, the number of points in T,(T') are 2q+1, and by definition of Pr, (T), 
the number of points in (2q+k+1), where k is the path number. Also by Theorem 1, the number 
of lines in T(J) are 3g. The number of lines in Pp,(T’) is the sum of lines in T,(7’) and the 


1? 
number of lines which lie on the points of pathos of T which are to (-0 +2+ 5 > a) . Thus 
i=1 


12 12 
the number of lines in is equal to (s4 +(-q+2+ 5 os #)) a (2 +2+ 5 De @). 
i=l i=1 


§2. Planar Pathos Semitotal Block Graphs 
A criterion for pathos semi total block graph to be planar is presented in our next theorem. 


Theorem 3 For any non trivial tree T, the pathos semitotal block graph Pr,(T) of a tree T is 


planar. 


Proof Let T be a non trivial tree, then in T,(T) each block is a triangle. We have the 


following cases. 


Case 1 Suppose G is a path, G = P, : u1,ue,us,...,Un,n > 1. Further, V [J (T)] = 
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{u1, U2, UZ,---, Un, b1, ba, bg,...,bn—1}, where 61, be, b3,...,bn,-1 are the corresponding block 
points. In pathos semi total block graph Pr,(T) of a tree T, {uibiu2w, u2bou3w, ugb3uaw,..., 
Un—10n—-1Unw} € V [Pr,(T)], each set {un—1bn—-1Unw} forms an induced subgraph as Ky — x. 
Hence one can easily verify that Pr,(T) is planar. 


Case 2 Suppose G is not a path. Then V [T, (G)] = {u1, ue, us,..., Un, b1, ba, b3,..., bn—1} and 
W1, W2, W3,---, Wr be the pathos points. Since un—1Uy is a line and Un_1Un = bn_1 € V [Th (G)]. 
Then in Pr,(G) the set {un—1bn_1unw} Vn > 1, forms K4— as an induced subgraphs. Hence 


Pr,(G) is planar. 


Further we develop the maximal outer planarity of Pr,(G) in the following theorem. 


Theorem 4 For any non trivial tree T, the pathos semitotal block graph Pr,(T) of a tree T is 


maximal outer planar if and only if T is a path. 


Proof Suppose Pp,(T’) is maximal outer planar. Then Py,(T) is connected. Hence T is 
connected. If Pr, (T’), is K4 — x, then obviously T is ka. 
Let T be any connected tree with p > 2, q lines b; blocks and path number k, then clearly 
1 2 
Pr,(T) has (2g+k+ 1) points and (2 +2+ 5 Xs a) lines. Since Pr,(T) is maximal outer 
i=1 
planar, by Theorem [F], it ca [2(2g +k +1) —3] lines. Hence, 


2429+ 23 df =2(2q+k+1)—3 = 4q+2k+2—3= 4q+2q-1 
i=l 


P 
ay = 4p + 4k — 10. 
But for a path, k= 


Pp 
a =4p+4(1)-10= 4p-—6 


ey. 
dt —4p+6=0. 


By Theorem [G], it follows that T is a non empty path. Thus necessity is proved. 

For sufficiency, suppose T is a non empty path. We prove that Pr,(T) is maximal outer 
planar. By induction on the number of points p; > 2 of T’. It is easy to observe that Pp, (T) of a 
path P with 2 points is k4—2, which is maximal outer planar. As the inductive hypothesis, let 
the pathos semitotal block graph of anon empty path P with n points be maximal outer planar. 
We now show that the pathos semitotal block graph of a path P’ with (n+ 1) points is maximal 


outer planar. First we prove that it is outer planar. Let the point and line sequence of the path 
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P' be v4, €1, V2, €2,U3,--+,Un; Cn; Unti, Where vive = e1 = b1, v203 = €2 = bo,..-,Un-1Un = 
€n—1 = bn, UnUn+1 = Cn = bn. 

The graphs P, P’, T)(P), T,(P’), Pr,(P) and Pr,(P’) are shown in the figure 2. Without 
loss of generality P’ — Undi = P. 

By inductive hypothesis, Pp,(P) is maximal outer planar. Now the point vp41 is one more 
point more in Pr,(P’) than Pr,(P). Also there are only four lines (Un+41, Un)(Un; bn) (bn, Un41) 
and (Un+1, 1) more in Pr,(P’). Clearly the induced subgraph on the points Un41, Un, bn, Ay 
is not K4. Hence Pr,(P’) is outer planar. 

We now prove that Pp, (P’) is maximal outer planar. Since Pr, (P) is maximal outer planar, 
it has 2(2g +++ 1)—3 lines. The outer planar graph Pr,(P’) has 2(2g+k+1)-34+4= 
2(24g+k+1+2)-3 

= 2([(2q¢g+1)4+ (k+1) +1] —3 lines. 


By Theorem [F], Pr,(P’) is maximal outer planar. 


The next theorem gives a non-minimally non-outer planar Pr, (T). 


Theorem 5 For any non trivial tree T, the pathos semitotal block graph Pr,(T) of a tree T is 


non-minimally non-outer planar. 


Proof We have the following cases. 


Case 1 Suppose T is a path, then A(T’) < 2, then by Theorem 4, Pr, (T) is maximal outer 


planar. 


Case 2 Suppose T is not a path, then A(T) > 3, then by theorem 3, Pr,(T) is planar. On 
embedding Pr,(T) in any plane, the points with degree greater than two of T forms the cut 
points. In Pr,(T) which lie on at least two blocks. Since each block of Pp,(T’) is a maximal 
outer planar than one can easily verify that Pp, (T’) is outer planar. Hence for any non trivial 


tree with A(T) > 3, Pp,(T) is non minimally non-outer planar. 


In the next theorem, we characterize the non-Eulerian Pr, (T). 


Theorem 6 For any non trivial tree T, the pathos semitotal block graph Pr,(T) of a tree T is 


non-Eulerian. 


Proof We have the following cases. 


Case 1 Suppose T is a path with 2 points, then Pr, (T) = K4— 2, which is non-Eulerian. If T is 
a path with p > 2 points. Then in 7,(T) each block is a triangle such that they are in sequence 
with the vertices of T,(T’) as {v1, b1, v2, v1} an induced subgraph as a triangle T;,(T). Further 
{v2, b2, U3, v2}, {v3, b3, v4, U3},---, {Un—1, On, Un; Un—1}, in which each set form a triangle as an 
induced subgraph of T,(T’). Clearly one can easily verify that T,(T') is Eulerian. Now this path 
has exactly one pathos point say k,, which is adjacent to v1, v2, U3,..-,Un in Pp,(T) in which 
all the points v1, v2, U3,...,Un € Pr, (T) are of odd degree. Hence Pr,(T) is non-Eulerian. 


Case 2 Suppose A(T) > 3. Assume T has a unique point of degree > 3 and also assume that 
T = Ky». Then in T,(T) each block is a triangle, such that the number of blocks which are K3 
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are n with a common cut point k. Since the degree of a vertex k = 2n. One can easily verify 
that T, (1,3) is Eulerian. To form Pr, (T), T = K1,n, the points of degree 2 and the point k 
are joined by the corresponding pathos point which give (n+ 1) points of odd degree in Pr, (T). 


Hence Pr,(T) is non-Eulerian. 


In the next theorem we characterize the hamiltonian Pr, (T). 


Theorem 7 For any non trivial tree T, the pathos semitotal block graph Pr,(T) of a tree T is 
hamiltonian if and only if T is a path. 


Proof For the necessity, suppose T is a path and has exactly one path of pathos. Let 
V [Ty (T)] = {ur, ue, us,..-, Un }U{b1, ba, bs,...,bn—1}, where 61, be, b3,..., bn—1 are block points 
of T. Since each block is a triangle and each block consists of points as By = {ui, bi, ue}, Bo = 
{u2, b2,u3},...,Bm = {Um,bm,Um+i}. In Pr, (T) the pathos point w is adjacent to {u1, U2, us,..., Un}. 
Hence V [Pr, (T)] = {u1, ua, u3,.--, Un }U{d1, be, b3,..., bn—1}Uw form a cycle as w, u1, b1, U2, b2, U2, ... 
Un—1;0n—-1, Un, Ww. Containing all the points of Pp,(T). Clearly Pp,(T) is hamiltonian. Thus 
necessity is proved. 


For the sufficiency, suppose Pr,(T) is hamiltonian, now we consider the following cases. 


Case 1 Assume T is a path. Then T has at least one point with deg v > 3, Vu € V(T), 
assume that 7 has exactly one point u such that degree u > 2, then G = T = Kk,.,. Now we 


consider the following subcases of Case 1. 


Subcase 1.1 For Ki.,, n > 2 and n is even, then in T,(T) each block is kz. The number 


of path of pathos are }. Since n is even we get > blocks. Each block contains two lines of 


(4 — 2) , which is a non line disjoint subgraph of Pr,(T). Since Pr,(T) has a cut point, one 
can easily verify that there does not exist any hamiltonian cycle, a contradiction. 


1 
Subcase 1.2 For K,.,,n > 2 and n is odd, then the number of path of pathos are pe 


, since 


ew sd pibeuiatne 


is nonline disjoint subgraph of Pp,(T’) and remaining block is (K4— x). Since Pr,(T) contain 


n is odd we get blocks contains two times of (K4 — x) which 


a cut point, clearly Pp,(T) does not contain a hamiltonian cycle, a contradiction. Hence the 


sufficient condition. 


§3. Pathos Total Block Graph of a Tree 


A tree T, its total block graph Tg (T), and their pathos total block graphs Pr,(T) are shown 
in the Fig.3. We start with a few preliminary results. 


Remark 3 For any non trivial path, the inner point number of the pathos total block graph 
Pr, (T) of a tree T is equal to the number of cut points in T. 


Remark 4 The degree of a pathos point in Pr,(T) is n, then the pathos length of the 
corresponding path P; of pathos in T is n — 1. 


Remark 5 For any non trivial tree T, Pr, (T) is a block. 


72 


Also in Kulli [4], 


Muddebihal M. H. and Syed Babajan 


Figure 3: 


developed the number of points and lines of a total block graph of a graph 
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has been expressed in terms of blocks of G. Now using this we have a modified theorem as 
shown below in which we have expressed the number of points and lines in terms of lines and 
degrees of the points of G which is a tree. 


Theorem 8 For any non trivial (p,q) tree whose points have degree d;, the number of points 


12 
and lines in total block graph of a tree T are (2qg+1) and (2 + 3 Se #). 
i=l 


b 
Proof By Theorem [B], the number of points in T)(T) is (3: b; ) +1, where b; are the 
i=l 


number of blocks in T’ to which the points v; belongs in G. Since > b; = 2q, for G is a tree. 
Thus the number of points in Tg(G) = 2¢ +1. Also, by Theorem [B], the number of lines in 


b fb;+1 b ne aa ere 
Tp(G) areq+ > : = | 35.6) +4 5 di = 2g+5 bi di , for G is a tree. 
i=1 i=1 i=1 i=1 


In the following theorem we obtain the number of points and lines in Pr, (T). 


Theorem 9 For any non trivial tree T, the pathos total block graph Pr, (T) of a tree T, whose 
points have degree d;, then the number of points in Pr,(T) are (2g+k+1) and the number of 


P 
lines are (« +24+> @) , where k is the path number. 
i=1 


Proof By Theorem 7, the number of points in Tp(T) are 2g + 1, and by definition of 
Pr,(T), the number of points in Pr,(T) are (2g+k+ 1), where k is the path number in T. 


12 

Also by Theorem 7, the number of lines in Tp(T) are (2 + 5 > ). The number of lines 
i=1 

in Pr,(T) is the sum of lines in Tg(T) and the number of lines which lie on the points of 


12 
pathos of T’ which are to (<0 +24 3 ‘> d? |. Thus the number of lines in Pr, (T’) is equal to 
i=1 


1? 1 P Pp 
(20+ 5 a?) + (-a+2+5 52) = (c+2+ 5a). 
i=l i=l i=l 


§4. Planar Pathos Total Block Graphs 
A criterion for pathos total block graph to be planar is presented in our next theorem. 


Theorem 10 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T is 
planar if and only if A(T) < 3. 


Proof Suppose Pr,(T) is planar. Then by Theorem [C], each cut point of T lie on at 
most 3 blocks. Since each block is a line in a tree, now we can consider the degree of cutpoints 
instead of number of blocks incident with the cut points. Now suppose if A(T’) < 3, then 
by Theorem [C], T(Z) is planar. Let {b1, bo, b3,...,bp—1} be the blocks of T with p points 
such that 6) = e€1,b2 = €2,...,bp-1 = €p—-1 and P; be the number of pathos of T. Now 
V[Pr, (T)] = V(G) U {b1, b2,...bp-1}U{P;}. By Theorem [C], and by the definition of pathos, 
the embedding of Pr, (T) in any plane gives a planar Pr, (T). 

Suppose A(T) > 4 and assume that Pr, (T) is planar. Then there exists at least one point 
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of degree 4, assume that there exists a vertex v such that degv = 4. Then in T’p(T), this point 
together with the block points form ks as an induced subgraph. Further the corresponding 
pathos point are adjacent to the V(T) in Tg(T) which gives Pr, (T) in which again ks as an 


induced subgraph, a contradiction to the planarity of Pr, (I). This completes the proof. 


The following theorem results the maximal outer planar Pr, (T). 


Theorem 11 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T is 


maximal outer planar if and only if T = ke. 


Proof Suppose T = k3 and Pr,(T) is maximal outer planar. Then Tp(T) = k4 and one 
can easily verify that, i[Pr,(Z')] > 1, a contradiction. Further we assume that T = Ky. and 
Pr, (T) is maximal outer planar, then Tz (T) is W, — 2, where z is outer line of W,. Since K1,2 
has exactly one pathos, this point together with W, — x gives W,+1. Clearly, Pr,(T) is non 
maximal outer planar, a contradiction. For the converse, if T = ky, Tp (T) = k3 and Pr,(T) 


= K,— 2x which is a maximal outer planar. This completes the proof of the theorem. 


Now we have a pathos total block graph of a path p > 2 point as shown in the below 
remarks, and also a cycle with p > 3 points. 


Remark 6 For any non trivial path with p points, 1[Pr, (T)] = p — 2. 
Remark 7 For any cycle Cy, p > 3, i[Prz (Cp)] = p — 1. 
The next theorem gives a minimally non-outer planar Pr, (T). 


Theorem 12 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T is 


minimally non-outer planar if and only if T is a path with 3 points. 


Proof Suppose Pr,(T) is minimally non-outer planar. Assume T is not a path. We 


consider the following cases. 


Case 1 Suppose T is a tree with A(T) > 3. Then there exists at least one point of degree 
at least 3. Assume v be a point of degree 3. Clearly, T = Ky,3. Then by the Theorem [D], 
i (Tp (T)] > 1 since Tp(T) is a subgraph of Pr, (T). Clearly i[Pr, (T)] > 2 a contradiction. 


Case 2 Suppose T is a closed path with p points, then it is a cycle with p points. By Theorem 
[D], Pr, (TZ) is minimally non-outer planar. By Remark 7, i[Pr, (T)] > 1, a contradiction. 


Case 3 Suppose T is a closed path with p > 4 points, clearly by Remark 6, i[Pr, (T)] > 2, a 
contradiction. 


Conversely, suppose T is a path with 3 points, clearly by Remark 6, i[Pr, (T)] = 1. This 


gives the required result. 


In the following theorem we characterize the non-Eulerian Pr, (T). 


Theorem 13 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T is 


non-Eulerian. 
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Proof We consider the following cases. 


Case 1 Suppose T is a path. For p = 2 points, then Pr, (1) = K4— <2, which is non-Eulerian. 
For p = 3 points, then Pr, (T) is a wheel, which is non-Eulerian. 
For p > 4 we have a path P : v1, v2,U3,...,Up. Now in path each line is a block. Then 


vyv2 = €1 = b1,v2U3 = €2 = be,...,Up-1Up = Cp-1 = dp-1, Vep-1 © E(G), and Vbp_-1 € 
V [Tp (P)]. In Tp(P), the degree of each point is even except 6; and bp_1. Since the path P 
has exactly one pathos which is a point of Pr, (P) and is adjacent to the points v1, v2, v3,.-.., Up, 
of Tg (P) which are of even degree, gives as an odd degree points in Pr, (P) including odd 
degree points by and bz. Clearly Pr, (P) is non-Eulerian. 


Case 2 Suppose T is not a path. We consider the following subcases, 


Subcase 2.1 Assume T has a unique point degree > 3 and T = K1.,, where n is odd. Then 
in Tp (T) each block is a triangle such that there are n number of triangles with a common cut 
point k which has a degree 2n. Since the degree of each point in Tg (Ay,,) is Eulerian. To form 
Pr, (T) where T = Kn, the points of degree 2 and the point k are joined by the corresponding 
pathos point which gives (n + 1) points of odd degree in Pr, (Kin). Pr, (Kin) has n points 
of odd degree. Hence Pr, (T') non-Eulerian. 

Assume that T = Ky1.,, where n is even, then in Tp (T) each block is a triangle, which 
are 2n in number with a common cut point k. Since the degree of each point other than k is 
either 2 or (n +1) and the degree of the point & is 2n. One can easily verify that Tp (K1,n) 
is non-Eulerian. To form Pr, (IT) where T = Kj ,,, the points of degree 2 and the point & are 
joined by the corresponding pathos point which gives (n + 2) points of odd degree in Pr, (T). 
Hence Pr, (T) non-Eulerian. 


Subcase 2.2 Assume T has at least two points of degree > 3. Then V [Tp (T)] = V (G) U 
{b1, bo, b3,..., bp}, Vep € E(G). In Tg (T), each endpoint has degree 2 and these points are 
adjacent to the corresponding pathos points in Pr,(T') gives degree 3, From Case 1, Tree T 
has at least 4 points and by Corollary [A], Pr,(T') has at least two points of degree 3. Hence 


Pr, (T) is non-Eulerian. 


In the next theorem we characterize the hamiltonian Pr, (T). 


Theorem 14 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T is 


hamiltonian. 


Proof We consider the following cases. 
Case 1 Suppose T is a path with {u1, wa, u3,...,Un} € V (T) and by, bo, b3,..., bm be the num- 
ber of blocks of T such that m = n— 1. Then it has exactly one path of pathos. Now point set 
of Tp (T) is V [Tp (T)] = {u, va,---,Un} U {b1, b2,..., bm}. Since given graph is a path then in 
Tp (T), by = e1, b2 = €2,..-, 0m = Em, such that by, bo, bs,...,0m C V [Tp (T)]. Then by the def- 
inition of total block graph {u1, u2,...,Um}U {b1, be,..-,0m—1, 0m} U {b1, ur, baue,..-,bmUn-1, 
bmUn} form line set of Tg (T)[see Fig. 4]. 

Now this path has exactly one pathos say w. In forming pathos total block graph of a path, 
the pathos w becomes a point, then V[Pr,(T)] = {u1,ua,...,Un}U {b1, bo,...,0m}U {w} and 
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Figure 5: 


In Pr, (T), the hamiltonian cycle w, u1, b1, ua, be, U2, Us, b3,..-,Un—1, bm, Un, w exist. Clearly 
the pathos total block graph of a path is hamiltonian graph. 


Case 2 Suppose T is not a path. Then T has at least one point with degree at least 3. Assume 
that T’ has exactly one point u such that degree> 2. Now we consider the following subcases 
of case 2. 


Subcase 2.1 Assume T = Ky, n > 2 and is odd. Then the number of paths of pathos 
are “41 Let V [Tp (T)) = {ui,u2,..-, Un, b1,b2,-..,bm—i}. By the definition of Pr, (T), 
V[Pre(T)] = {ur, Ua2,..., Un, b1b2,...,0n—1}U {p1, p2,---;Pn4i/2}. Then there exists a cycle 
containing the points of Pp,(T) as pi, u1, b1, b2, U3, pa, U2, bs, u4,...pi and is a hamiltonian 
cycle. Hence Pr, (T’) is a hamiltonian. 


Subcase 2.2 Assume T = Kj, > 2 and is even. Then the number of path of pathos are 4, 
then V [Tp (T)| = {u1, ua,..., Un, b1, b2,...bn-i}. By the definition of Pr,(T). V[Pr,(T)] = 
{ui, U2,---,Un, 61, b2,..-,bn—-1fU {p1,P2,---,Pn/a}- Then there exist a cycle containing the 
points of Pr,(T) as pi, U1, b1, be, us, po, Ua, 03, ba,...,p1 and is a hamiltonian cycle. Hence 
Pr, (T) is a hamiltonian. 
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Suppose T is neither a path or a star. Then T contains at least two points of degree> 2. Let 
U1, U2, UZ,---, Un be the points of degree > 2 and v1, v2, v3,...,Um be the end points of T’. Since 
end block is a line in T, and denoted as bj, bo,..., bg, then tree T has p; pathos points, i > 1 and 
each pathos point is adjacent to the point of T where the corresponding pathos lie on the points 
of T. Let {pi,pe,.....,pi$} be the pathos points of T. Then there exists a cycle C' containing 
all the points of Pr, (T) as pi, U1, b1, be, v2, pe, U1, b3, U2, D3, U3, b4,-- +; Un—1, On—1, On, Un, +--+ P1- 


Hence Pr,(T) is a hamiltonian cycle. Hence Pr, (T) is a hamiltonian graph. 


In the next theorem we characterize Pr, (T) in terms of crossing number one. 


Theorem 15 For any non trivial tree T, the pathos total block graph Pr,(T) of a tree T has 


crossing number one if and only if A(T) < 4, and there exist a unique point in T of degree 4. 


Proof Suppose Pr,,(T) has crossing number one. Then it is non-planar. Then by Theorem 
10, we have A(T’) > 4. We now consider the following cases. 


Case 1 Assume A(T) = 5. Then by Theorem [EF], Tg (T) is non-planar with crossing number 
more than one. Since Tg (T) is a subgraph of Pr, (T). Clearly cr(Pr, (T')) > 1, a contradiction. 


Case 2 Assume A(T) = 4. Suppose T has two points of degree 4. Then by Theorem [E], Tz (T) 
has crossing number at least two. But Tg (T’) is a subgraph of Pr, (T'). Hence cr(Pr, (T)) > 1, 
a contradiction. 

Conversely, suppose T’ satisfies the given condition and assume T' has a unique point v of 
degree 4. The lines which are blocks in T such that they are the points in Tg (T). In Tp (T), 
these block points and a point v together forms an induced subgraph as ks. In forming Pr, (T), 
the pathos points are adjacent to at most two points of this induced subgraph. Hence in all 


these cases the cr(Pr, (T)) = 1. This completes the proof. 
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Abstract: Some varieties of groupoids and quasigroups generated by linear-bivariate poly- 
nomials P(x, y) = a+bx+cy over the ring Z, are studied. Necessary and sufficient conditions 
for such groupoids and quasigroups to obey identities which involve one, two, three (e.g. Bol- 
Moufang type) and four variables w.r.t. a, b and c are established. Necessary and sufficient 
conditions for such groupoids and quasigroups to obey some inverse properties w.r.t. a, b and 
c are also established. This class of groupoids and quasigroups are found to belong to some 
varieties of groupoids and quasigroups such as medial groupoid(quasigroup), F-quasigroup, 
semi automorphic inverse property groupoid(quasigroup) and automorphic inverse property 


groupoid (quasigroup). 
Key Words: groupoids, quasigroups, linear-bivariate polynomials. 


AMS(2010): 20N02, 20NO5 
§1. Introduction 


1.1 Groupoids, Quasigroups and Identities 


Let G be a non-empty set. Define a binary operation (-) on G. (G,-) is called a groupoid if G is 
closed under the binary operation (-). A groupoid (G,-) is called a quasigroup if the equations 
a-a2 = band y-c=d have unique solutions for x and y for all a,b,c,d € G. A quasigroup 
(G,-) is called a loop if there exists a unique element e € G called the identity element such 
that c-e=e-x=2 forall xeG. 

A function f : Sx S — S ona finite set S of size n > 0 is said to be a Latin square 
(of order n) if for any value a € S both functions f(a,-) and f(-,a) are permutations of S. 
That is, a Latin square is a square matrix with n? entries of n different elements, none of them 


occurring more than once within any row or column of the matrix. 


Definition 1.1 A pair of Latin squares f,(-,-) and fa(-,-) is said to be orthogonal if the pairs 
(filz,y), fo(a,y)) are all distinct, as x and y vary. 


For associative binary systems, the concept of an inverse element is only meaningful if the 
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system has an identity element. For example, in a group (G,-) with identity element e € G, if 
x € G then the inverse element for x is the element 2~! € G such that 


In a loop (G,-) with identity element e, the left inverse element of x € G is the element 1* € G 
such that 


while the right inverse element of 7 € G is the element x? € G such that 
u-xcP =e 


In case (G,-) is a quasigroup, then for each x € G, the elements x? € G and a € G such that 


» are called the right and left inverse elements of x respectively. Here, 


xx? = e? and 2x2 =e 
e? €G and e? € G satisfy the relations re’ = x and e*x = =z for all x € G and are respectively 
called the right and left identity elements. Whenever e? = e*, then (G,-) becomes a loop. 

In case (G, -) is a groupoid, then for each x € G, the elements 7° € G and x* € G such that 
rx? = e,(x) and xx = e)(zx) are called the right and left inverse elements of x respectively. 
Here, e,(x) € G and e,(x) € G satisfy the relations ve,(~) = x and e,(x)x = x for each 
x € G and are respectively called the local right and local left identity elements of x. Whenever 
e,(«) = e,(x), then we simply write e(x) = e,(a) = e,(x) and call it the local identity of z. 

The basic text books on quasigroups, loops are Pflugfelder [19], Bruck [1], Chein, Pflugfelder 
and Smith [2], Dene and Keedwell [3], Goodaire, Jespers and Milies [4], Sabinin [25], Smith 
[26], Jafyéola [5] and Vasantha Kandasamy [28]. 

Groupoids, quasigroups and loops are usually studied relative to properties or identities. 
If a groupoid, quasigroup or loop obeys a particular identity, then such types of groupoids, 
quasigroups or loops are said to form a variety. In this work, our focus will be on groupoids 
and quasigroups. Some identities that describe groupoids and quasigroups which would be of 
interest to us here are categorized as follows: 


(A) Those identities which involve one element only on each side of the equality sign: 


aa=a 


aa = bb 


idempotent law (1) 


unipotent law (2) 


(B) Those identities which involve two elements on one or both sides of the equality sign: 


ab = ba 
(ab)b =a 
b(ba) =a 


(ab)b = a(bb) 
b(ba) = (bb)a 


commutative law (3) 
Sade right Keys law (4) 
Sade left keys law (5) 
right alternative law (6) 
left alternative law (7) 
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a(ba) = (ab)a medial alternative law 
a(ba) = b law of right semisymmetry 
(ab)a =b law of left semisymmetry 
a(ab) = ba Stein first law 
a(ba) = (ba)a Stein second law 
a(ab) = (ab)b Schroder first law 
(ab)(ba) =a Schroder second law 
(ab) (ba) = b Stein third law 
ab=a Sade right translation law 
ab=b Sade left translation law 
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(C) Those identities which involve three distinct elements on one or both sides of the equality 


sign: 
(ab)c = a(bc) associative law 
a(bc) = c(ab) law of cyclic associativity 
(ab)c = (ac)b law of right permutability 
a(bc) = b(ac) law of left permutability 
a(be) = c(ba) Abel-Grassman law 
(ab)c = a(cb) commuting product law 
c(ba) = (bc)a dual of commuting product 
(ab) (bc) = ac Stein fourth law 
(ba) (ca) = be law of right transitivity 
(ab) (ac) = be law of left transitivity 
(ab) (ac) = cb Schweitzer law 
(ba)(ca) = cb dual of Schweitzer law 
(ab)c = (ac)(bc) law of right self-distributivity law 
c(ba) = (cb)(ca) law of left self-distributivity law 
(ab)c = (ca)(bc) law of right abelian distributivity 
c(ba) = (cb) (ac) law of left abelian distributivity 
(ab) (ca) = [a(bc)]a Bruck-Moufang identity 
(ab) (ca) = albc)a] dual of Bruck-Moufang identity 


[(ab)c]b = alb(cb)] Moufang identity 
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[(bc)b]a = b[c(ba)] Moufang identity (37) 
[(ab)c]b = a[(bc)b] right Bol identity (38) 
[b(cb) a = b[c(ba)] left Bol identity (39) 
[(ab)cla = a[b(ca)| extra law (40) 
[(ba)a]c = b[(aa)c] RC, law (41) 
[b(aa)|c = bla(ac)] LCq law (42) 
(aa)(be) = [a(ab)|c LC, law (43) 
(bc)ala = b[(ca)a RC, law (44) 
a(ab)|c = ala(bc) LC; law (45) 
(bc) (aa) = b[(ca)a RC2 law (46) 
(aa)b]c = ala(bc) LC3 law (47) 
(bc)ala = bic(aa) RC3 law (48) 
[(ba)a]c = bla(ac)] C-law (49) 
al[b(ca)] = cb Tarski law (50) 
a[(bc)(ba)] = c Neumann law (51) 
(ab)(ca) = (ac) (ba) specialized medial law (52) 
(D) Those involving four elements: 

(ab) (cd) = (ad)(cb) first rectangle rule (53) 
(ab) (ac) = (db) (dc) second rectangle rule (54) 
(ab) (cd) = (ac) (bd) internal mediality or medial law (55) 

(E) Those involving left or right inverse elements: 
g-cy=y left inverse property (56) 
yaa? =y right inverse property (57) 
x(yx)? = y? or (ay)a = y* weak inverse property(WIP) (58) 
ry? =y or x-yr? = y or x: (yx) = y or xy-x = y cross inverse property(CIP) (59) 
(ay)? = 2 y? or (xy)* = «y* automorphic inverse property (AIP) (60) 
(ay)? = y?x? or (xy)* = y*x* anti-automorphic inverse property (AAIP) (61) 


(ay +x)? = xP y? x? or (xy-x)* = xy - x* semi-automorphic inverse property (SAIP) 
(62) 
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Definition 1.2(Trimedial Quasigroup) A quasigroup is trimedial if every subquasigroup gen- 


erated by three elements is medial. 


Medial quasigroups have also been called abelian, entropic, and other names, while trime- 
dial quasigroups have also been called triabelian, terentropic, etc. 

There are two distinct, but related, generalizations of trimedial quasigroups. The variety 
of semimedial quasigroups(also known as weakly abelian, weakly medial, etc.) is defined by the 
equations 

LE Ys = LY Lz (63) 


ZY UL = 2U-Yz (64) 


Definition 1.3(Semimedial Quasigroup) A quasigroup satisfying (63) (resp. (64) is said to be 
left (resp. right) semimedial. 


Definition 1.4(Medial-Like Identities) A groupoid or quasigroup is called an external medial 
groupoid or quasigroup if it obeys the identity 

ab-cd = db-ca external medial or paramediality law (65) 

A groupoid or quasigroup is called a palindromic groupoid or quasigroup if it obeys the identity 

ab- cd = dc: ba palidromity law (66) 


Other medial like identities of the form (ab)(cd) = (m(a)m(b))(a(c)m(d)), where m is a certain 

permutation on {a,b,c,d} are given as follows: 
ab: cd = ab- dc Ci 
ab: cd = ba-cd C2 
ab- cd = ba: dc C3 
ab- cd = cd- ab C4 
ab-cd=cd- ba Cs 
ab-cd = dc-ab C6 


(67) 

(68) 

(69) 

(70) 

(71) 

(72) 

ab- cd = ac: db CM, (73) 
ab- cd = ad- be CM, (74) 
ab+ cd = ad- cb CM; (75) 
ab- cd = be- ad CM, (76) 
ab- cd = be- da CMs (77) 
ab- cd = bd-ac CMs (78) 
(79) 


ab- cd = bd-ca CM, 
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ab- cd = ca- bd CMs (80) 
ab-cd =ca-db C'Mg (81) 
ab-cd =cb-ad CMio (82) 
ab- cd = cb- da CM (83) 
ab-cd = da- bc CMy»2 (84) 
ab- cd = da- cb CM\3 (85) 
ab- cd = db- ac CMi4 (86) 
The variety of F-quasigroups was introduced by Murdoch [18]. 
Definition 1.5(F-quasigroup) An F-quasigroup is a quasigroup that obeys the identities 
u-yz=ary:(a\x)z left F-law (87) 
sya = 2(a/x)- yx right F-law (88) 
A quasigroup satisfying (87) (resp. (77)) is called a left (resp. right) F-quasigroup. 
Definition 1.6(E-quasigroup) An E-quasigroup is a quasigroup that obeys the identities 
Uys =ey(x)y- xz E, law (89) 
zy X= 2u- ye,(x) E,. Law (90) 


A quasigroup satisfying (89) (resp. (90)) is called a left (resp. right) E-quasigroup. 


Some identities will make a quasigroup to be a loop, such are discussed in Keedwell [6]-[7]. 


Definition 1.7(Linear Quasigroup and T-quasigroup) A quasigroup (Q,-) of the form x-y = 
ra+y3+c where (Q,+) is a group, a is its automorphism and 3 is a permutation of the set 
Q, is called a left linear quasigroup. 

A quasigroup (Q,-) of the form x«-y = ta+ y8+c where (Q,+) is a group, 2 is its 
automorphism and a is a permutation of the set Q, is called a right linear quasigroup. 

A T-quasigroup is a quasigroup (Q,-) defined over an abelian group (Q,+) by x-y = 
c+a2a+yf, where c is a fixed element of Q anda and G are both automorphisms of the group 
(Q, 4). 


Whenever one considers mathematical objects defined in some abstract manner, it is usually 
desirable to determine that such objects exist. Although occasionally this is accomplished 
by means of an abstract existential argument, most frequently, it is carried out through the 
presentation of a suitable example, often one which has been specifically constructed for the 
purpose. An example is the solution to the open problem of the axiomization of rectangular 
quasigroups and loops by Kinyon and Phillips [12] and the axiomization of trimedial quasigroups 
by Kinyon and Phillips [10], [11]. 
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Chein et. al. [2] presents a survey of various methods of construction which has been 
used in the literature to generate examples of groupoids and quasigroups. Many of these 
constructions are ad hoc-designed specifically to produce a particular example; while others 
are of more general applicability. More can be found on the construction of (r,s, t)-inverse 
quasigroups in Keedwell and Shcherbacov [8]-[9], idempotent medial quasigroups in Kréadinac 
and Volenec [14] and quasigroups of Bol-Moufang type in Kunen [15]-[16]. 


Remark 1.1 In the survey of methods of construction of varieties and types of quasigroups high- 
lighted in Chein et. al. [2], it will be observed that some other important types of quasigroups 
that obey identities (1) to (90) are not mentioned. Also, examples of methods of construction 
of such varieties that are groupoids are also scarce or probably not in existence by our search. 
In Theorem 1.4 of Kirnasovsky [13], the author characterized T-quasigroups with a score and 
two identities from among identities (1) to (90). The present work thus proves some results 
with which such groupoids and quasigroups can be constructed. 


1.2 Univariate and Bivariate Polynomials 


Consider the following definitions. 


Definition 1.8 A polynomial P(x) = ap + aia 4+---+a,2", n € N is said to be a permutation 
polynomial over a finite ring R if the mapping defined by P is a byection on R. 


Definition 1.9 A bivariate polynomial is a polynomial in two variables, x and y of the form 
P(x,y) = Di jaiga'y’. 


Definition 1.10(Bivariate Polynomial Representing a Latin Square) A bivariate polynomial 
P(x,y) over Zy, is said to represent (or generate) a Latin square if (Z,,*) is a quasigroup where 
* : Zn X Zn 2 Zn, is defined by x xy = P(x,y) for all x,y € Zn. 


Mollin and Small [17] considered the problem of characterizing permutation polynomials. 
They established conditions on the coefficients of a polynomial which are necessary and sufficient 
for it to represent a permutation. 

Shortly after, Rudolf and Mullen [23] provided a brief survey of the main known classes of 
permutation polynomials over a finite field and discussed some problems concerning permuta- 
tion polynomials (PPs). They described several applications of permutations which indicated 
why the study of permutations is of interest. Permutations of finite fields have become of 
considerable interest in the construction of cryptographic systems for the secure transmission 
of data. Thereafter, the same authors in their paper [24], described some results that had 
appeared after their earlier work including two major breakthroughs. 

Rivest [22] studied permutation polynomials over the ring (Z,,+,-) where n is a power of 
2: n = 2”. This is based on the fact that modern computers perform computations modulo 
2” efficiently (where w = 2,8,16,32 or 64 is the word size of the machine), and so it was of 
interest to study PPs modulo a power of 2. Below is an important result from his work which 
is relevant to the present study. 
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Theorem 1.1(Rivest [22]) A bivariate polynomial P(x,y) = Xi,jaijx'y? represents a Latin 
square modulo n = 2”, where w > 2, if and only if the four univariate polynomials P(x,0), 


P(x,1), P(0,y), and P(1,y) are all permutation polynomial modulo n. 


Vadiraja and Shankar [27] motivated by the work of Rivest continued the study of permu- 
tation polynomials over the ring (Z,,+,-) by studying Latin squares represented by linear and 
quadratic bivariate polynomials over Z, when n 4 2” with the characterization of some PPs. 


Some of the main results they got are stated below. 


Theorem 1.2(Vadiraja and Shankar [27]) A bivariate linear polynomial a+ ba + cy represents 
a Latin square over Z,, n A 2” if and only if one of the following equivalent conditions is 
satisfied: 


(i) both b and c are coprime with n; 


ii) a+ba,a+cy, (at+c)+ba and (a+b)+cy are all permutation polynomials modulo n. 
Y Y 


Remark 1.2 It must be noted that P(x, y) = a+bx+cy represents a groupoid over Z,,. P(x, y) 
represents a quasigroup over Z,, if and only if (Z,,P) is a T-quasigroup. Hence whenever 
(Z,,P) is a groupoid and not a quasigroup, (Z,, P) is neither a T-quasigroup nor left linear 
quasigroup nor right linear quasigroup. Thus, the present study considers both T-quasigroup 
and non-T-quasigroup. 


Theorem 1.3(Vadiraja and Shankar [27]) If P(x,y) is a bivariate polynomial having no cross 
term, then P(x,y) gives a Latin square if and only if P(x,0) and P(0,y) are permutation 


polynomials. 


The authors were able to establish the fact that Rivest’s result for a bivariate polynomial 
over Z,, when n = 2” is true for a linear-bivariate polynomial over Z, when n 4 2”. Although 
the result of Rivest was found not to be true for quadratic-bivariate polynomials over Z,, when 
n # 2” with the help of counter examples, nevertheless some of such squares can be forced to 
be Latin squares by deleting some equal numbers of rows and columns. 

Furthermore, Vadiraja and Shankar [27] were able to find examples of pairs of orthogonal 
Latin squares generated by bivariate polynomials over Z, when n 4 2” which was found 
impossible by Rivest for bivariate polynomials over Z, when n = 2”. 


1.4 Some Important Results on Medial-Like Identities 


Some important results which we would find useful in our study are stated below. 


Theorem 1.4(Polonijo [21]) For any groupoid (Q,-), any two of the three identities (55), (65) 
and (66) imply the third one. 


Theorem 1.5(Polonijo [21]) Let (Q,-) be a commutative groupoid. Then (Q,-) is palindromic. 
Furthermore, the constraints (55) and (65) are equivalent, i.e a commutative groupoid (Q,-) is 


internally medial if and only if it is externally medial. 
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Theorem 1.6(Polonijo [21]) For any quasigroup (Q,-) andi € {1,2,...,6}, C; ts valid if and 


only if the quasigroup is commutative. 


Theorem 1.7(Polonijo [21]) For any quasigroup (Q,-) andi € {1,2,...,14}, CM; holds if and 


only if the quasigroup is both commutative and internally medial. 


Theorem 1.8(Polonijo [21]) For any quasigroup (Q,-) andi € {1,2,...,14}, CM; ts valid if 


and only if the quasigroup is both commutative and externally medial. 
Theorem 1.9(Polonijo [21]) A quasigroup (Q,-) is palindromic if and only if there exists an 
automorphism a such that 
a(r-y)=y- @Va,yEeQ 
holds. 
It is important to study the characterization of varieties of groupoids and quasigroups 


represented by linear-bivariate polynomials over the ring Zp, even though very few of such have 


been sighted as examples in the past. 


§2 Main Results 


Theorem 2.1 Let P(x,y) =a+bx+ cy be a linear bivariate polynomial over {Z,, Zp} such 
that "HYPO” is true. P(x,y) represents a ”NAME” { groupoid, quasigroup} {(Zn, P), (Zp, P)} 
over {Zn, Zp} if and only if ”N and S” is true. (Table 1) 


Proof There are 66 identities for which the theorem above is true for in a groupoid or 
quasigroup. For the sake of space, we shall only demonstrate the proof for one identity for each 
category. 


(A) Those identities which involve one element only on each side of the equality sign: 


Lemma 2.1 Let P(x,y) = a+ bu +cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a unipotent groupoid (Zn, P) over Zn, if and only if (b+c)(x—y) = 0 for all x,y € Zn. 


Proof P(«,y) satisfies the unipotent law = P(x,x) = P(y,y) @ a+ba+cx =at+by+cy 
Sa+bse—cx—a-—by—cy=08 (6+ 0)(x — y) = 0 as required. 


Lemma 2.2 Let P(x,y) = a+ bx +cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a unipotent quasigroup (Zn, P) over Zp, if and only if (b+ c)(x—y) =0 and (b,n) = 
(c,n) =1 for all x,y € Zp. 


Proof This is proved by using Lemma 2.1 and Theorem 1.2. 


Theorem 2.2 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a unipotent groupoid (Z,, P) over Z, if and only if b+ c= 0(modn). 


Proof This is proved by using Lemma 2.1. 
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Theorem 2.3 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a unipotent quasigroupp (Zn, P) over Z, if and only if b+c= 0(modn) and (b,n) = 
(cn) =1. 


Proof This is proved by using Lemma 2.2. 


Example 2.1 P(x,y) = 52+ y is a linear bivariate polynomial over Zg. (Ze, P) is a unipotent 
groupoid over Ze. 


Example 2.2 P(x,y) = 1+ 5a + is a linear bivariate polynomial over Zg. (Ze, P) is a 
unipotent quasigroup over Ze. 


(B) Those identities which involve two elements on one or both sides of the equality sign: 


Lemma 2.3 Let P(x,y) = a+ bu + cy be a linear bivariate polynomial over Z,. P(x, y) 


represents a Stein third groupoid (Zn,P) over Zn if and only if a1 +b+c) + 2(b? +c?) 
y(2be — 1) = 0 for all x,y € Zp. 


Proof P(«,y) satisfies the Stein third law = P[P(z,y), P(y,x)] =y = a(1+b+c)+2(b? + 
c?) + y(2be — 1) = 0 as required. 


Lemma 2.4 Let P(x,y) = a+ ba +cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a Stein third quasigroup (Zn, P) over Zn if and only if a1 +b+c) +2(b? +?) + 
y(2be — 1) = 0 and (b,n) = (c,n) = 1 for all x,y € Zp. 

Proof This is proved by using Lemma 2.3 and Theorem 1.2. 


Theorem 2.4 Let P(x,y) = a+ba+4+ cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a Stein third groupoid (Zn,P) over Zy if and only if b? + c? = O(modn), 2be = 
1(modn) and a =0. 


Proof This is proved by using Lemma 2.3. 


Theorem 2.5 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a Stein third quasigroup (Zn, P) over Zn if and only if b? +c? = 0(modn), 2bc = 
1(modn) and a= 0. 


Proof This is proved by using Lemma 2.4. 


Theorem 2.6 Let P(x,y) = at+bar+cy be a linear bivariate polynomial over Z, such that a # 0. 
P(x, y) represents a Stein third groupoid (Zp, P) over Z, if and only if b? +c? = 0(modp) and 
2bc = 1(modp). 


Proof This is proved by using Lemma 2.3. 


Theorem 2.7 Let P(x, y) = at+bar+cy be a linear bivariate polynomial over Z, such that a # 0. 


P(x,y) represents a Stein third quasigroup (Zp, P) over Z, if and only if b? + c? = 0(modp) 


and 2bc = 1(modp). 
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Proof This is proved by using Lemma 2.4. 


Example 2.3 P(x,y) = 2x + 3y is a linear bivariate polynomial over Z5. (Zs, P) is a Stein 
third groupoid over Zs. 


Example 2.4 P(x,y) = 2x + 3y is a linear bivariate polynomial over Z5. (Zs, P) is a Stein 
third quasigroup over Zs. 


(C) Those identities which involve three distinct elements on one or both sides of the 
equality sign: 


Lemma 2.5 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Z,. P(x, y) 
represents an Abel-Grassman groupoid (Zn, P) over Zn, if and only if (x — z)(b—c?) =0 for all 
L,2€E Zn. 


Proof P(a,y) satisfies the Abel-Grassman law = P[x, P(y, z)] = Plz, Ply, x)] @ P(a,at+ 
bytcz) = P(z,atbytcxr) = atbrt+c(atby+cz) = atbz+c(a+by+cr) = (x—z)(b—c?) =0 
as required. 


Lemma 2.6 Let P(x,y) = a+ ba +cy be a linear bivariate polynomial over Z,. P(x, y) 
represents an Abel-Grassman quasigroup (Zn, P) over Z,, if and only if (« — z)(b—c?) =0 and 
(b,n) = (c,n) =1. for all x,y,z € Zn. 


Proof This is proved by using Lemma 2.5 and Theorem 1.2. 


Theorem 2.8 Let P(x,y) = a+ba+4+ cy be a linear bivariate polynomial over Zn. P(x, y) 
represents an Abel-Grassman groupoid (Zn, P) over Zn if and only if c? = b(modn). 


Proof This is proved by using Lemma 2.5. 


Theorem 2.9 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Z,. P(x, y) 


represents an Abel-Grassman quasigroup (Zn,P) over Zy if and only if c? = b(modn) and 
(b,n) = (c,n) =1. 


Proof This is proved by using Lemma 2.6. 


Example 2.5 P(x,y) = 2+ 4a + 2y is a linear bivariate polynomial over Zg. (Ze, P) is an 
Abel-Grassman groupoid over Ze. 


Example 2.6 P(x,y) = 2+ 4a + 2y is a linear bivariate polynomial over Zs. (Zs, P) is an 
Abel-Grassman quasigroup over Zs. 


(D) Those involving four elements: 


Lemma 2.7 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Zn. P(x, y) 
represents an external medial groupoid (Zn, P) over Zp, if and only if w(b? — c*) + 2(c? —b?) =0 
for all w,z € Zp. 


Proof P(x, y) satisfies the external medial law = P[P(w, x), P(y, z)] = P[P(z, x), Ply, w)| 
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= a+b(at+bw+cr)+c(at+by+cz) = a+b(at+bz+cx)+c(at+byt+cew) = w(b?—-c?)+2(c?-b7) =0 
as required. 


Lemma 2.8 Let P(x,y) = a+ ba + cy be a linear bivariate polynomial over Zn. P(x, y) 
represents an external medial quasigroup (Zn, P) over Zn, if and only if w(b? —c?)+2(c?—b?) = 0 
and (b,n) = (c,n) =1 for all w,z € Zp. 


Proof This is proved by using Lemma 2.7 and Theorem 1.2. 


Theorem 2.10 Let P(x,y) = a+ bx + cy be a linear bivariate polynomial over Zy. (Zn, P) 


represents an external medial groupoid over Zp, if and only if b? = c?(modn). 


Proof This is proved by using Lemma 2.7. 


Theorem 2.11 Let P(x,y) = a+ bx + cy be a linear bivariate polynomial over Zn. (Zn, P) 
represents an external medial quasigroup over Zn if and only if b? = c?(modn) and (b,n) = 
(cn) =1. 


Proof This is proved by using Lemma 2.8 and Theorem 1.2. 


Example 2.7 P(xz,y) = 4+ 2a +4 2y is a linear bivariate polynomial over Zg. (Ze, P) is an 
external medial groupoid over Ze. 


Example 2.8 P(x,y) = 2+ 8a+ y is a linear bivariate polynomial over Zo. (Zo, P) is an 


external medial quasigroup over Zg. 
(E) Those involving left or right inverse elements: 


Lemma 2.9 Let P(x,y) = a+ bx +cy be a linear bivariate polynomial over Z,. P(x, y) 
represents a cross inverse property groupoid (Zn, P) over Zn if and only if a(be — 1) + a(b?¢+ 
1 —b-— be) + cy(be — 1) = 0 for all x,y € Zp. 


Proof P(x,y) satisfies the cross inverse property = P[P(a,y),x°)] = y & Pla+ ba t+ 
cy, x?) =y eatb(at brt+cy)+cx? =y > albe— 1) + 2(b?e +1—b-— bc) + cy(be— 1) =0 
as required. 


Lemma 2.10 Let P(z,y) = a+ b+ cy be a linear bivariate polynomial over Zp. P(x, y) 
represents a cross inverse property quasigroup (Zn, P) over Zn if and only if a(be—1)+2(b?e+ 
1 —b— be) + cy(be — 1) = 0 and (b,n) = (c,n) = 1 for all x,y,z € Zp. 


Proof This is proved by using Lemma 2.9 and Theorem 1.2. 


Theorem 2.12 Let P(z,y) =a+ba+cy be a linear bivariate polynomial over Z, such that 
a#0. P(x,y) represents a CIP quasigroup (Zp, P) over Zp if and only if bc = 1(modp). 


Proof This is proved by using Lemma 2.10. 


Theorem 2.13 Let P(x,y) = a+ ba +cy be a linear bivariate polynomial over Zp, such that 
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a #0 and c is invertible in Z,. P(x,y) represents a CIP groupoid (Z,,P) over Zp, if and only 
if bc = 1(modn). 


Proof This is proved by using Lemma 2.9. 


Theorem 2.14 Let P(x,y) =a+bxr+cy be a linear bivariate polynomial over Zp, such that 
a #0, c is invertible in Z, and (b,n) = (c,n) = 1. P(x, y) represents a CIP quasigroup (Zn, P) 
over Z, if and only if bc = 1(modn). 


Proof This is proved by using Lemma 2.10. 


Theorem 2.15 Let P(x,y) =a+bx+cy be a linear bivariate polynomial over Z,. P(x,y 
represents a CIP groupoid (Zn, P) over Z, if bc = 1(modn). 


Proof This is proved by using Lemma 2.9. 


Theorem 2.16 Let P(x,y) = a+ ba +cy be a linear bivariate polynomial over Zp, such that 
(b,n) = (c,n) =1. P(ax,y) represents a CIP quasigroup (Zy, P) over Zy, if bc = 1(modn). 


Proof This is proved by using Lemma 2.10. 


Example 2.9 P(xz,y) = 2+ 4a + 4y is a linear bivariate polynomial over Z5. (Zs, P) is a cross 
inverse property groupoid over Zs. 


Example 2.10 P(xz,y) = 3+ 4x + 4y is a linear bivariate polynomial over Z5. (Zs, P) is a 


cross inverse property quasigroup over Zs. 


Table 1. Varieties of groupoids and quasigroups generated by P(x,y) over Zp, 
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S/N NAME HYPO N AND 8S EXAMPLE 
b 


Specialized 


Medial 


First 
Rectangle 


Second 


Rectangle 


Bo 


a=0, be-+bF 1 


a=0, b? 40 
a=0, 0? 40 


a=0, binv 


a=0, binv 
a=0, be+cAl1 


T T 

a 
8B ]8 
1 1 
T 

h 


T 
h 


| 
| 
= 
| 
= 
p= 
Pa 
= 
= 
ee 
| 
| 
| 
fe 
Zz 
| 
= 
= 
= 
| 
| 
| 
= 
| 
= 
il 
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Remark 2.1 A summary of the results on the characterization of groupoids and quasigroups 
generated by P(x,y) is exhibited in Table 1. In this table, G stands for groupoid, Q stands 
for quasigroup, HYPO stands for hypothesis, N AND S stands for necessary and sufficient 


condition(s). Cells with question marks mean examples could not be gotten. 
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Abstract: Bertrand curves have been investigated in Lorentzian and Minkowski spaces 
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the relations between Frenet vector fields and curvatures and torsions of Bertrand curves 


at the corresponding points in Minkowski 3-space. 
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§1. Introduction 


In the study of the fundamental theory and the characterizations of space curves, the corre- 
sponding relations between the curves are the very interesting and important problem. The 
well-known Bertrand curve is characterized as a kind of such corresponding relation between 
the two curves. J. Bertrand studied curves in Euclidean 3-space whose principal normals are the 
principal normals of another curve. Such a curve is nowadays called a Bertrand curve. Bertrand 
curves have a characteristic property that curvature and torsion are in linear relation.In the re- 
cent work [2], the authors studied spacelike and timelike Bertrand curves in Minkowski 3-space. 
(See also independently obtained results by [6]). 

In this paper, we have investigated the relations between Frenet vector fields and curvatures 


and torsions of Bertrand curves at the corresponding points in Minkowski 3-space. 


1Received October 29, 2010. Accepted May 30, 2011. 
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§2. Preliminaries 


The Minkowski 3-space E? is the Euclidean 3-space EH? provided with the standard flat metric 
given by 
(,) = —dx, + dx3 + dx3 


where (21, #2, 23) is a rectangular coordinate system of EH}. Since (,) is an indefinite metric, 
recall that a vector v € E? can have one of three Lorentzian causal characters: it can be 
spacelike if (v,v) > 0 or v =0, timelike if (v,v) < 0 and null (lightlike) if (v,v) =O anduv 40. 
Similarly, an arbitrary curve a = a(s) in E} can locally be spacelike, timelike or null (lightlike), 
if all of its velocity vectors a’(s) are respectively spacelike, timelike or null (lightlike). 
Minkowski space is originally from the relativity in Physics. In fact, a timelike curve 
corresponds to the path of an observer moving at less than the speed of light. Denote by 
{T, N, B} the moving Frenet frame along the curve a(s) in the space FE}. For an arbitrary 
curve a(s) in the space EF}, the following Frenet formulae are given. If a is timelike curve, then 


the Frenet formulae read 


T’ 0 kk O T 
N' | =|n% O fF N (1.1) 
B' 0 -—Tr 0 B 


where (7,T), = —1,(N,N),; =1,(B,B), =1,(07,N), = (N,B), = (7, B), =0. Ifaisa 
spacelike curve with a spacelike principal normal, then the Frenet formulae read 


Pr: he se 
N’ |= |-« 0 7 N (1.2) 
B' 0 +r O B 
where (T,T), = (N,N), = 1,(B,B), = -1,(7,), = (N,B), = (7, B), = Olfa isa 
spacelike curve with a spacelike binormal, then the Frenet formulae read 


T’ 0 kc O ah 
N |=] «6 07 N (1.3) 
B’ 0 +r O B 


where (T,T), = (B, B), =1,(N,N), =—1,(T,N), = (N,B), = (T,B), = 0 [47,11]. 


§3. Bertrand Curves in Minkowski 3-Space 


Definition 3.1({1,2,6]) Let 3, and G2 be two unit speed regular curves in E}, and {T;, Ni, Bi} 
and {T2, No, Bo}also be Frenet Frames on these curves, respectively. (3; and (G2 are called 
Bertrand curves if N, and No are linearly dependent. We say that G2 is a Bertrand mate for 3, 


and 32 are Bertrand curves. And (31, G2) is called a Bertrand couple and we can write 


Bo(s) = B1(s) + rN,(s). 
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Theorem 3.1 If there exists a one-to-one correspondence between the points of the spacelike 
curves C and C2 with timelike principal normal, such that at corresponding points P, on Cy 


and Pz on C2,then the following statements hold: 


(1) The curvature k1 of Cy is a constant; 

(2) The torsion T2 of Cz is constant; 

(3) The unit tangent vector T, of Cy is parallel to the unit tangent vector Ty of Co. 
Then the curve C generated by P that divides the segment P; Py in ratiom : 1 is a spacelike 


Bertrand curve with timelike principal normal. 


Proof We shall use the subscripts 1, 2 to designate the geometric quantites corresponding 
to the curves C,, C2 while the same letters without subscripts will refer to the spacelike curve 
C with timelike principal normal. 

Let a(s), a1(s), @2(s) be the coordinat vectors at the points P, P,, P2 on the curves C,C,C2 
respectively. Then the from convex combination of points P, and P2 , the equation of point P 
is 

a(s) =may(s) + (1— m)az(s), m ER, (2.1) 
while by hypothesis, 
[Zil] = ||Zal| = 1, Ti = Te. (2.2) 


On differentiating Eq.(2.1) we have 
Tds = mT, ds, + (1 — m)Tods2 = (mds; + (1 — m)ds2) T; (2.3) 


which shows that T is parallel to JT; and T> and always can be chosen so that 


Tanah, (2.4) 
and 
ds = mds, + (1 — m)ds2. (2.5) 
Differentiating of Eq.(2.4) gives 
kK Nds = «1 N\ds1 = k2.Nodsa, (2.6) 


and if we assume that «, 1, K2 are positive, then 


N=N, = Np, (2.7) 
and 
Kds = K1d81 = Kodso. (2.8) 
From Eq.(2.4) and Eq.(2.7) 
B= 2, 8s, (2.9) 


and differentiating 
TNds = 7 Njds1 = T2Nodsp. (2.10) 
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Elimination of ds, ds,, dsz gives 


: 
(=) e+ ( r= tim £0, £0, 
K1 T2 


which is the desired result, since m, 1,72 are constant. If instead of T; = T> were given the 


condition B, = Bz, the same result would follow in the same manner. 


Theorem 3.2 If condition (c) of Theorem 3.1 is modifed so that at corresponding points P; 
and P2, the binormals By and Bz are parallel, then the curve C' is a spacelike Bertrand curve 


with timelike principal normal. 


Proof Since B, = Bo then 
™m1Ny = T)No—. (2.11) 


where N; and No are the unit normal vectors of a; and ag at the points P,and P, with arc- 
length parametrization. Hence Ny = No and T, = N, x By, = Nz x Bz, we know T; parallel to 


T2. By Theorem 2.1, C is a spacelike Bertrand curve with timelike principal normal. 


Theorem 3.3 If condition (c) of Theorem 8.1 is modified so that at corresponding points P; 
and Pp» the tangent at Piis parallel to the binormal Bz at P2, then the curve C is a spacelike 


Bertrand curve with timelike principal normal. 
Proof Since T, = Ba, it follow that 
KN, = 72 No—. (2.12) 
1 


Hence Nj, is parallel to Nz and since N; and N2 are unit vectors, 


Ni = No (2.13) 
and 

ds2 Ky 

— = — 2.14 

ds, T2 : ( ) 


since By, = T x Ny = Bo x No = —T>,we have 
By = —T». (2.15) 


Let a,ay,a2 be the coordinate vectors at the points P, P,, P2 on the curves C,C1,C2, 
respectively. Then 


a=ma,+(1—-m)az (2.16) 
da da daz 
We gag ae 
da _ da, ds, daz dso 
fe agg as as 
dso ds, 
T = T + (1 -—m)—T, | — 
(m ( id ») ds 
_ T. Ky (1 Fe ds, 
~ i Te ae ds 
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T= mT, + m2T1> 5 (2.17) 
where 
ds, M Ts 
my = or = So my, = const. 
(m 7)" + [K, (1 — m)] 
d. 1- 
mz = (l-—m) = - eas, et 0 = const. 
8 2 2 
(m 7,)° + [«, (1 — m)] 
Differentiating Eq.(2.17), one gets 
ds ds» 
KN = Kym Ni - Kym, No. (2.18) 
Hence 
N=N,=Ny (2.19) 
and F 
$2 
K= Kym + Ky M27 (2.20) 
Using Eq.(2.7) and Eq.(2.9), one finds that 
B= mB, + m2Bo. (2.21) 
Differentiating Eq.(2.11), one gets 
ds ds 
TN =m GN + 7212 No. (2.22) 
Hence d d 
T= Tym + Tema —. (2.23) 
ds ds 
Using Eq.(2.14) and Eq.(2.15), one gets 
dso TL Ky 
ee ee 2.24 
ds, Ka T2 ( ) 
and 
TL = Ke 
KL 2 T2 
Let 
ds, ds 
M. = — M. = ae 
1=™My1 as 2 m2 ae 


Then using Eq.(2.20) and Eq.(2.23), one gets 


T2 Mo 


K T Ky M, K2Mo 71M, 
= ——+ + + 
MoT MikKy T2 Mo T) Mp KM, 
Ky M, T2 M2 
a a 7 constant, 


and this is the intrinsic equation of a spacelike Bertrand curve. 


Ky M, 

Ky M, 

—, ——=constant. 
T2 Mo 
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Abstract: Two graphs X and Y are said to be respectable to each other if A(X) = 
A(Y). In this study we explore some graph theoretic and algebraic properties shared by the 
respectable graphs. 


Key Words: Adjacency algebra, coherent algebra, walk regular graphs, vertex transitive 
graphs. 
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§1. Introduction 


Let A(X) (or simply A, if X is clear from the context) be the adjacency matrix of a graph X. 
The set of all polynomials in A with coefficients from the field of complex numbers C forms 
an algebra called the adjacency algebra of X, denoted by A(X). Let dim(A(X)) denote the 
dimension of A(X) as a vector space over C. It is easy to see that dim(A(X)) is equal to degree 
of the minimal polynomial of A. Since dim(A(X)) is also equal |spec(A)| where spec(A) denote 
the set of all distinct eigenvalues of A and |B| denote the cardinality of the set B. 


Definition 1 Two graphs X and Y are said to be respectable to each other if A(X) = A(Y). 
In this case we say that either X respects Y or Y respects X. 


A graph Y is said to be a polynomial in a graph X if A(Y) € A(X). For example, K,, the 
complete graph is a polynomial in every connected regular graph with n vertices. By definition 
if X respects Y, then X is a polynomial in Y and Y is a polynomial in X. In this study we 
explore some graph theoretic and algebraic properties shared by respectable graphs. In the 
remaining part of this section we will give some preliminaries required for this paper. 

For two vertices u and v of a connected graph X, let d(u,v) denote the length of the 
shortest path from u to v. Then the diameter of a connected graph X = (V, FE) is max{d(u, v) : 
u,v € V}. It is shown in Biggs [3] that if X is a connected graph with diameter @, then 
€+1<dim(A(X)) <n. 

A graph X1 = (V(X), E(X1)) is said to be isomorphic to a graph X2 = (V(X2), E(X2)), 
written X,; = 
{v1, v2} € E(X,) if and only if {p(v1), p(v2)} € E(X2). In such a case, p is called an isomor- 


~N 


X», if there is a one-to-one correspondence p : V(X1) — V(X2) such that 


1Received February 23, 2011. Accepted June 2, 2011. 
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phism of X, and Xz. An isomorphism of a graph X onto itself is called an automorphism. 
The collection of all automorphisms of a graph X is denoted by Aut(X). It is well known that 
Aut(X) is a group under composition of two maps. It is easy to see that Aut(X) = Aut(X°), 
where X° is the complement of the graph X. If X is a graph with n vertices we can think 
Aut(X) as a subgroup of S,,. Under this correspondence, if a graph X has n vertices then 
Aut(X) consists of n x n permutation matrices and for each g € Aut(X), P, will denote the 


corresponding permutation matrix. 


§2. Graph Theoretic Properties 


In this section we will see some graph theoretical properties shared by the respectable graphs. 
The next result gives a method to check whether a given permutation matrix is an element of 
Aut(X) or not. 


Lemma 2.1(Biggs [3]) Let A be the adjacency matrix of a graph X. Then g € Aut(X) is an 
automorphism of X if and only if P>A = APg. 


The following result is immediate from the above lemma, also given by Paul.M.Weichsel 
[7]. 


Corollary 2.2 Let X be a graph and p(x) be a polynomial such that p(X) is a graph. Then 
Aut(X) C Aut(p(X)). 


Corollary 2.3 If the graph X respects the graph Y, then Aut(X) = Aut(Y). 


Lemma 2.4(Biggs [3]) A graph X is regular if and only if A(X)J = JA(X), where J is a 
matrix with each entry is 1. 


The following result shows that any graph which is a polynomial in a regular graph is 


regular. 


Corollary 2.5 Let X be a regular graph. The any graph which is a polynomial in X is also 
regular . In particular if X respects Y, then Y is regular. 


Lemma 2.6(Biggs [3]) A graph X is connected regular if and only if J € A(X). 
Corollary 2.7 If X is a regular graph then J is polynomial in either A or A°. 


Proof For every graph X, either X or X° is connected. Hence the result follows from the 


above lemma. 


Corollary 2.8 Let X be a connected regular graph, then X° is connected if and only if X 


respects X°. 


Proof It is easy to verify that X° is also regular. Since X is connected regular graph from 
Lemma 2.6 we have J € A(X) > A(X°) = J-I-A€ A(X) > A(X‘) C A(X). Now it is 
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sufficient to prove that X° is connected if and only if A(X) C A(X°). 
X° is connected = J € A(X°) & A € A(X°) & A(X) C A(X). 


Corollary 2.9 Let X be a connected regular graph. If X respects Y, then Y is connected 
regular graph. 


We say that a graph X is walk-regular if, for each s, the number of closed walks of length 
8 starting at a vertex v is independent of the choice of v. 
Theorem 2.10([6]) Let A be the adjacency matrix of a graph X. Then X is walk-regular if 
and only if the diagonal entries of A® Vs are all equal. 


Corollary 2.11 Let X be a walk regular graph and p(x) be a polynomial such that p(X) is a 
graph. Then p(X) is walk regular. 


Proof Let A be the adjacency matrix of X. From the above theorem the diagonal entries 
of A*® Vs are all equal, so as for every element in A(X). As one of the basis for A(X) is 


{I, A, A?,... A'~"} where | is the degree of the minimal polynomial of A. 


From the above result we deduce that if X be a walk regular graph and X respects Y, 
then Y is also walk regular graph. 
Now we will see some symmetrical properties shared by the respectable graphs. 


Definition 2 A graph X = (V,E) is said to be vertex transitive if its automorphism group acts 


transitively on V. That is for any two vertices x,y € V,4g © G such that g(x) = y. 


Definition 3 A graph X = (V,E) is said to be generously transitive if its automorphism group 


acts generously transitively on V(X), «.e., if any x,y € V then Ag € Aut(X) such that g(x) = y 
and g(y) =a. 


Every generously transitive graph is transitive. From the Corollary 2.2 we have the follow- 


ing result. 


Lemma 2.12 If X is a generously transitive (or vertex transitive) graph and Y is a polynomial 


in X, then Y is also a generously transitive (or vertex transitive) graph. 


§3. Algebraic Properties 


Let X be a graph with n vertices and A be the adjacency matrix of X. By graph algebra of 
X, we mean a matrix subalgebra of M,(C) which contains A. For example M,,(C) and A(X) 
are graph algebras of X. If the graph X respects Y, then in this section we will show that the 
following three graph algebras of X and Y will coincide. 


e The commutant algebra of a graph Z is the set all matrices over C which commutes with 
adjacency matrix of Z. 


e The coherent closure of a graph Z is the smallest coherent algebra containing the adjacency 
matrix of Z. 
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e The centralizer algebra of a graph Z is the set all matrices which commute with all 
automorphisms of Z. 


3.1 Coherent Closure of a Graph 


Definition 4 Hadamard product of two n x n matrices A and B is denoted by A© B and is 
defined as (A © B)ay = AryBay.- 


Definition 5 Two nxn matrices A and B are said to be disjoint if their Hadamard product 


is the zero matriz. 


Definition 6 A sub algebra of M,(C) is called coherent if it contains the matrices I and J 


and if it is closed under conjugate-transposition and Hadamard multiplication. 


The following result is well known. 


Theorem 3.1 Every coherent algebra contains unique basis of disjoint 0-1 matrices. 


We call the unique basis containing disjoint 0-1 matrices as a standard basis. 


Corollary 3.2. Every 0,1-matrix in a coherent algebra is sum of one or more matrices in its 


standard basis. 


Proof Let M be a coherent algebra over C with standard basis {M1,...M,}. Let Be M 
be a 0, 1-matrix. Then B = Sy a;M; where a; € C. B= BO B = Yxi_, a?M; = a? = ay. 


a=1 “2 


Hence the result follows. 


Observation 3.3 The intersection of coherent algebras is again a coherent algebra. 


Definition 7 Let X = (V,E) be a graph with adjacency matrix A then any coherent algebra 


which contains A is called coherent algebra of X. 


Definition 8 If X = (V,E) be a graph and A is its adjacency matrix then coherent closure of 
X, denoted by ((A)) or CC(X), is the smallest coherent algebra containing A. 


Since A(X°) = J — I — A(X) consequently A(X), A(X°) € CC(X) MCC(X°), hence we get 
the following lemma. 


Lemma 3.4 For every graph X, CC(X) =CC(X°). 


Lemma 3.5 If the graph X respects Y, then CC(X) =CC(Y). 


Proof Since X respects Y, we have A(X) = A(Y) C CC(Y). Consequently CC(Y) is 
a coherent algebra containing A(X) but by definition CC(X) is the smallest coherent algebra 
containing A(X). So CC(X) C CC(Y). Similarly we can prove CC(Y) C CC(X). Hence the 


result follows. 
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Clearly, the converse of this result is not true as CC(X) = CC(X°), but X need not respect 
X°*, 


3.2 Centralizer Algebra of a Graph 


Definition 9 Let G be a subset of nxn permutation matrices forming a group. Then Vc(G) = 
{Ae M,(C):PA=APVYP € G} forms an algebra over C called the centralizer algebra of the 
group G. 


Definition 10 If G is a group acting on a set V, then G also acts on V x V_ by g(x,y) = 
(g(x), g(y)). The orbits of G on V x V are called orbitals. In the context of graphs, the orbitals 
of graph X are orbitals of its automorphism group Aut(X) acting on the vertex set of X. That 
is, the orbitals are the orbits of the arcs/non-arcs of the graph X = (V,E). The number of 
orbitals is called the rank of X. 


An orbital can be represented by a 0 — 1 matrix M where M;; is 1 if (i,7) belongs to the 
orbital. We can associate directed graphs to these matrices. If the matrices are symmetric, 
then these can be treated as undirected graphs. 


Observation 3.6 
e The ‘1’ entries of any orbital matrix are either all on the diagonal or all are off diagonal. 


e The orbitals containing 1’s on the diagonal will be called diagonal orbitals. 


Definition 11 The centralizer algebra of a graph X denoted by V(X) is the centralizer algebra 
of its automorphism group. 


Theorem 3.7((4]) Vc(G) is a coherent algebra and orbitals of AutX acting on the vertex set 


of X form its unique 0-1 matrix basis. 


V(X) = V(X°) follows from the fact that Aut(X) = Aut(X°) . CC(X) is the smallest 
coherent algebra of X and V(X) is a coherent algebra of X so CC(X) C V(X). So for any graph 
X we have A(X) CCC(X) C V(X). The following result follows from the Corollary 2.3. 


Lemma 3.8 If the graph X respects the graph Y, then V(X) = V(Y). 
Now we will see a consequence of above result. For that we need the following definition. 


Definition 12(Robert A.Beezer [1]) A graph X = (V,£E) is orbit polynomial graph if each 


orbital matriz is member of A(X). That is each orbital matrix is a polynomial in A. 
Lemma 3.9 X is an orbit polynomial graph if and only if A(X) = V(X). 


If X is an orbit polynomial graph, then we have A(X) = CC(X) = V(X). 


Corollary 3.10 Let X be an orbit polynomial graph and suppose X respects the graph Y, then 


Y is also an orbit polynomial graph. 
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Corollary 3.11 Jf X is an orbit polynomial graph and X*° is connected then X° is orbit 
polynomial graph. 


If X is an orbit polynomial graph and X° is connected, then we have A(X) = A(X°) = 
COX) =CC(X*) = V(X) = V (XE). 


3.3 Commutant algebra of a graph 


The commutant algebra of graph X, denoted by C[X] is the set of all matrices which commutes 
with A. It is shown in (Davis [5]) that dim(C[A])=sum of the squares of the multiplicities of 
eigenvalues of A. Hence the following lemma. 


Lemma 3.12 A(X) =C[X] if and only if all eigenvalues of X are distinct. 
Lemma 3.13 If the graph X respects the graph Y then C[X] = C[Y]. 


Proof Notice that 


BéC[X] @ BA(X) = A(X)B & BA(Y) = A(Y)B & BE CY]. 


We get the result. 


§4 Polynomial Equivalence 


Let G,, be the set of all graphs with n vertices. We define a relation R on G, as XRY © 
X respects Y. It is easy to see that FR is an equivalence relation on G,,. Now for a given graph 
X, our objective is to find the equivalence class [X] under the equivalence relation R. First 
we identify a set [X] with a set in polynomial algebra C[z]. For that we need the following 
notations and definitions. 

C[A] denote the set of all matrices which are polynomials in the square matrix A. It is 
easy to see that C[A] = C[a]/(p(x)) where (p(x)) is the ideal in C[a] generated by p(x), which is 
the minimal polynomial of A. Consequently if B € C[A], then there exists a unique polynomial 
f(x) called representor polynomial of B such that deg(fg(X)) < deg(p(x)) and fp(A) = B. 


Definition 13 Let A be a square matrix and f(x) be a polynomial. We say that f(a) respects 
spec(A) if f(A) A f(A;) for A, and A; distinct eigenvalues of A. 


The following result is given by Paul M.Weichsel [7]. 


Lemma 4.1 Let A be diagonalizable matrix over a field and f(x) € C[a]. Then f(a) respects 
spec(A) if and only if there exists a polynomial g(a) € C[a] such that g(f(A)) = A. 


Proof Let B = f(A). Clearly C[B] C C[A]. Since A is diagonalizable, so is B. Conse- 
quently A is a polynomial in B if and only if C[B] = C[A] if and only if |spec(A)| = |spec(B) 


if and only if f(a) respects spec(A). 
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Now let A be the adjacency matrix of a graph X and we denote 


Fx ={f(x) € C[z]| deg(f(ax)) < deg(p(x)) and f(A) is a 0,1-matrix}, 
Hx = {g(x) € Fx|g(x) respects spec(A)}. 


Now one can easily verify that finding the set [X] is equivalent to finding the set Hx. By 
definition, in order to find Hx we need to find Fx but for a given graph X finding F’x seems 
difficult. Let X be a graph with the property A(X) = CC(X), then from Corollary 3.2 it is easy 
to evaluate Fy. Distance regular graphs and orbit polynomial graphs satisfy A(X) = CC(X) 
for details one can refer Robert A.Beezer [2] and Paul M.Weichsel [7]. 

The following theorem shows that if X is a connected vertex transitive graph with a prime 
number of vertices then X respects Y if and only if Aut(X) = Aut(Y). 


Theorem 4.2(Robert A.Beezer [2]) Suppose that X is a connected, vertex transitive graph with 
a prime number of vertices. Let p(x) be a polynomial such that p(X) is a connected graph, and 
Aut(X) = Aut(p(X)). Then p(x) respects spec((A(X)). 


Comments In spite of these results, there are many properties which are not shared by the 
respectable graphs. We illustrate few of them with examples. Let C,, denote the cycle graph 
with n vertices, then C;, respects Ce for n > 5. It is known that Con is bipartite for every 
n, but Cs, is not bipartite for n > 3. For n > 3, Con is Eulerain graph but CS, is not. Cy 
is planar graph Vn where as C© is not planar for n > 9 as every finite, simple, planar graph 
has a vertex of degree less than 6. Petersen graph is not Hamiltonian graph but from Dirac’s 
theorem its compliment (respects Petersen graph) is a Hamiltonian graph. 
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§1. Introduction 


ay n 
For an integer n > 1, a Smarandache metric multi-space S is a union |) A; of spaces Aj, Ao,--: , 


An, distinct two by two with metrics 1, p2,--- ,Pn such that Cae is a metric space for 
integers 1 <i <n. In 1986, the notion of compatible mappings which generalized commuting 
mappings, was introduced by Jungck [3]. This has proven useful for generalization of results 
in metric fixed point theory for single-valued as well as multi-valued mappings. Further in 
1998, the more general class of mappings called weakly compatible mappings was introduced 
by Jungck and Rhoades [4]. Recall that self mappings S and T of a metric space (X,d) are 
called weakly compatible if Sa = Tx for some x € X implies that STx = TSz. 
Recently Aamri et al. [1] introduced the following notion for a pair of maps as: 


Definition 1.1 Let S and T be two self mappings of a metric space (X,d). S and T are said 
to satisfy the property (E.A), if there exists a sequence {x} in X such that limp+soTtn = 
limps0o Stn =t, for sometEX. 

Most recently, Y. Liu et al. [5] defined a common property (E.A) for pairs of mappings as 
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follows: 


Definition 1.2 Let A, B,S,T :X — X. The pairs (A, S) and(B,T) satisfy a common property 
(E.A) if there exist two sequences {tn} and {yn} such that 


lim Az, = lim Sa, = lim By, = lim Ty, =tE€ X. 
If B=A and S=T in above, we obtain the definition of property (E.A). 


Example 1.3 Let A, B, S and T be self maps on X = [0,1], with the usual metric d(x, y) = 
|x — y|, defined by: 


1 when «x € [$,1]). 


1-24 when «x € [0, 4), 
Sx= 
1 when «x € [$,1]). 


Bae =1-axandTx =1- . Va EX. Let {x,} and {y,} be a sequences defined by tp, = ae 


and yn, = , then limy 6 At = limn—o Sty = limp. BYyn = limp so Tyn = 1€ X. 


1 
n?+1 
Thus a common (E.A) property is satisfied. 

In this paper we prove some common fixed point theorems for a quadruple of weak compat- 


ible self mappings of a metric space satisfying a common (E.A) property, a special Smarandache 
n 

metric multi-space LJ (Ai, p;) form = 1 and a generalized ®-contraction. These theorems extend 
i=1 


and generalize results of Pathak et al. [6] and [7]. 


§2. Preliminaries 


Now onwards, we denote by ® the collection of all functions y : [0, 00) — [0, co) which are upper 
semi-continuous from the right, non-decreasing and satisfy lim,14 sup y(s) < t, y(t) < t for 
allt > 0. 

Let X denote a metric space endowed with metric d and let N denote the set of natural 
numbers. 

Now, let A, B, S and T be self-mappings of X such that 


[d?(Ax, By) +a d?(Sx, Ty)]d? (Ax, By) 
<a max{d? (Ax, Sx)d? (By, Ty), d*(Ax, Ty)d% (By, Sx)} 
+max{y1(d??(Sx,Ty)), p2(d" (Ax, Sx)" (By, Ty)), 
y3(d*(Ax, Ty)d® (By, Sx), 


vals [d' (Ax, Ty)a (Ax, Sx) + d'(By, Sx))d" (By, Ty)} (2.1) 
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for all x,y € X,y; € Oi = 1,2,3,4),a,p,¢,¢7,7,7',5,8',1,U > 0 and 2p=q+qd =rt+r = 
s+s'=1+l'. The condition (2.1) is commonly called a generalized ®-contraction. 


§3. Main Results 


The following theorems are our main results in this section. 


Theorem 3.1 Let A,B,S and T be self mappings of a metric space (X,d) satisfying (2.1).If 
the pairs (A, S) and (B,T) satisfy a common (E.A) property, are weakly compatible and that 
T(X) and S(X) are closed subsets of X, then A, B, S andT have a unique common fixed point 
in X. 


Proof. Since (A, 5S’) and (B,T) satisfy a common property (E.A). Then there exist two 
sequences {x,,} and {y,} such that 


lim Az, = lim Sz, = lim By, = lim Ty, = z 
n—-oo n—-oo n—oo n—oo 


for some z € X. Assume that S(X) and T(X) are closed subspaces of X. Then, z = Su = Tv 
for some u,v € X. Then by using (2.1) with 7 = x, and y = v, we have 


[d? (Aan, Bu) +a d?(Sap,Tv)|d? (Arn, Bv) < amax{d? (Ary, San)d?(Bu, Tv), 
d?(Arn, Tv)d? (Bu, Sxn)} + mazx{y (a2? (Sx, Tv)), 
y2(d" (Arn, Stn)" (Bu, Tv)), 93(d* (Arn, Tv)d* (Bu, Sxn)), 
pa(5(dl(Atn, Ted (Aan, St) + al(Bv, S2_))d" (Bo, To), 
taking jim, , we obtain 
[d?(z, Bv) +a d?(z,Tv)]d?(z, Bu) < amax{d?(z, z)d?(Bu, z), d4(z, Tv)d" (Bu, z)} 
+ max{p1(d?”(z,Tv)), 2(d" (z, z)d” (Bu, z)), 
(a (2, Tv)d" (Bo, 2)), pal5la!(2, To)d (2, 2) 
+ d'(Bu, z))d" (Bu, z)])}, 
or @? (z, Bv) < mar{pr(0), ¢2(0), 93 (0), ea($a't" (Bu, z))}, 


or d?? (z, Bu) < max{p1(d??(z, Bu)), p2(d"t" (z, Bu), 
y3(asts" @, Bv)), ya(salt (Bu, z))}. 

This together with a well known result of Chang [2] which states that if yp; € ® where i € I 
(some indexing set), then there exists a y € ® such that max {y;,i € I} < y(t) for all t > 0; 
imply 

d??(z, Bu) < p(d??(z, Bu)) < d??(z, Bo), 
a contradiction. This implies that z = Bu. Therefore Tv = z = Bv. Hence it follows by the 
weak compatibility of the pair (B,T) that BTv = TBu, that is Bz = Tz. 
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Now, we shall show that z is a common fixed point of B and T. For this put x = x, and 
y = z in (2.1), we have 


[d? (Avy, Bz) +a d?(Sx,,Tz)|d?(Atn, Bz) <a max{d?(Ax,, Sa,)d?(Bz,Tz), 


d1(Arn,T'z)d? (Bz, S2n)} + max{ yy (d??(S2n,Tz)), 
y2(d" (Arn, Stn)d" (Bz,Tz)), 3(d*(Atn, Tz)d* (Bz, Stn), 


pal5[d!(Arn, Tz)d° (Agn, San) + d'(Bz, Sx,))d" (Bz,Tz)}. 


Letting n — co with the help of the fact that limnp..Aty = z = limyn.~.Stp, and Bz = Tz, 
we get 


[d?(z, Bz) + ad? (z,Tz)|d?(z, Bz) < a mar{d?(z, z)d?(Bz, z), d"(z, Tz)d? (Bz, z)} 
+ max{y;(d??(z,Tz)), po(d" (z, z)d" (Bz, z)), 3(d°(z, Tz)d® (Bz, z)), 
pa(slal (2, T2)d" (2,2) + a!(Bz, 2))d (Bz, 2))}, 


or d??(z, Bz) +a d?(z, Bz) < a dt+4 (Bz, z) + max{ yi (d??(z, Bz), 

2(0), y3(asts" (2, Bz)), ya(0)}, 
or (1+ a)d??(z,Bz) <a dard (Bz, z)}+ mar{i(d??(z, Bz)), 

y2(0), y3(dete (2; Bz)), ya(0)}, 
or a? (2, Be)s edit (Bz, 2) + ra max{yi(d??(z, Bz)), 

2(0), y3(d°ts (2, Bz)), pa(0)} 
< @?(z, Bz), 
a contradiction. So z = Bz = Tz. Thus z is a common fixed point of B and T. 
Similarly we can prove that z is a common fixed point of A and S. Thus z is the common 


fixed point of A, B, S and T. The uniqueness of z as a common fixed point of A, B, S and T 


can easily be verified. 


Remark 3.3 Our Theorem 3.1 extends theorem 2.1 of Pathak et al. [6]. 
In Theorem 3.1, if we put a = 0 and y;(t) = ht (¢ = 1,2,3,4), where 0 < h < 1, we get the 


following corollary: 


Corollary 3.4 Let A, B, S and T be self mappings of a metric space X. If the pairs (A, S) 
and (B,T) satisfy a common (E.A) property and 


a?” (Ax, By) < h maa{d??(Sx,Ty), d’ (Ax, Sx)d” (By, Ty), d°(Az, Ty) 


d® (By, Sz)), 5 la(Ae, Ty)d' (Ax, Sx) + d'(By, Sx))d" (By,Ty)} (2.2) 


for all LYE X, pi € ® (i=1,2,3,4), a, P, 4, Gt 88 0 2 0 and 2p = qt+q =P +r! = 
s+s'=I+4+1'. If the pairs (A,S) and (B,T) are weakly compatible and that T(X) and S(X) 


are closed, then A, B, S and T have a unique common fixed point in X. 


Common Fixed Points for Pairs of Weakly Compatible Mappings 115 


Especially when 


max{d?? (Sx, Ty), da’ (Az, Sax)d” (By, Ty), d°(Az, Ty)d* (By, Sx)), 
1 , 1 
5d (Av, Ty)d! (Ax, Sx) + d'(By, Sx))d! (By, Ty)} = d°?(Sx, Ty), 
it generalizes Corollary 3.9 of Pathak et al. [7]. 


In Theorem 3.1, if we take S =T = Iy (the identity mapping on X), then we have the 
following corollary: 


Corollary 3.5 Let A and B be self mappings of a complete metric space X satisfying the 
following condition: 


[d?(Ax, By) +a d?(x, y)|d? (Az, By) < a max{d? (Ax, x)d?(By,y), 
d*(Ax, yd? (By, x)} + maa{ yi (d?? (x, y)), po(d" (Aw, x)d" (By, y)), 
v3(d*(Az,y)d* (By, x)), pa($[d' (Az, y)d" (Ax, x) +d! (By, x))d" (By, y)} 
for allz,y € X,y; € ® (i = 1,2,3,4),a,p,¢,¢7,7,7',5,9,1,U > 0 and 2p=q+qd =rt+r = 
st+s'=1+I', then A and B have a unique common fired point in X. 


As an immediate consequences of Theorem 3.1 with S = T, we have the following: 


Corollary 3.6 Let A, B, and S' be self-mappings of X such that (A, S') and (B,S) satisfy a 
common (E.A) property and 


d?(Ax, By) < a max{d?(Ax, Sx)d?(By, Sy), d4(Ax, Sy)dY (By, Sx)} 
+ mas{p2(d" (Ax, Sx)d” (By, Sy)), 9s(d° (Ax, Sy)d* (By, 82), 
ya(5[d' (Ax, Sy)d" (Ax, Sx) + d' (By, Sx))d" (By, Sy)} (2.3) 
for allz,y € X,p, € ® (§ = 1,2,3,4),a,p,q4,¢,7,1',5,9,1,U > 0 and 2p=qt+d=rt+r= 
sts’ =[+1'. If the pairs (A, S) and (B,S) are weakly compatible and that S(X) is closed, 
then A, B and S have a unique common fixed point in X. 


Theorem 3.7 Let S, T and A, (n € N) be self mappings of a metric space (X,d). Suppose 
further that the patrs (Agn—1, S') and (Aan, T) are weakly compatible for any n € N and satisfying 
a common (E.A) property. If S(X) and T(X) are closed and that for any i € N, the following 
condition is satisfied for all x,y © X 


[d? (Ajax, Aiziy) +4 d?(Sx,Ty)]d? (Ajax, Aiiy) 
< amax{d?(Aja, Sx)d?(Aisiy, Ty), 
d(Agax, Ty)d? (Ais1y, Sx)} + max{gi(d??(Sx,Ty)), 
y2(d" (Aix, Sx)d” (Aisiy,Ty)), ps(d* (Aix, Ty)d* (Aisiy, $2), 


1 , 1 
va(5[d'(Aiw, Ty) a! (Aix, Sx) + d'(Ajsiy, Sx))d’ (Aisiy, Ty)} 


where yp; € ®(¢ = 1,2,3,4), a,p,g,d,7,7',5,9,1,1,>0 and2p=qtqd =r4+r =s4+s' =I14l 


then S, T and A,(n € N) have a common fixed point in X. 
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Abstract: The Arakawa-Kaneko zeta function has been introduced ten years ago by T. 
Arakawa and M. Kaneko in [22]. In [22], Arakawa and Kaneko have expressed the special 
values of this function at negative integers with the help of generalized Bernoulli numbers 
B™ called poly-Bernoulli numbers. Kim-Kim [4] introduced Multi poly- Bernoulli numbers 
and proved that special values of certain zeta functions at non-positive integers can be 
described in terms of these numbers. The study of Multi poly-Bernoulli and Euler numbers 
and their combinatorial relations has received much attention [2,4,6,7,12,13,14,19,22,27]. In 
this paper we introduce the generalization of Multi poly-Bernoulli and Euler numbers and 
consider some combinatorial relationships of the Generalized Multi poly-Bernoulli and Euler 
numbers of higher order. The present paper deals with Generalization of Multi poly-Bernouli 
numbers and polynomials of higher order. In 2002, Q. M. Luo and et al (see [11, 23, 24]) 
defined the generalization of Bernoulli polynomials and Euler numbers. Some earlier results 
of Luo in terms of generalized Multi poly-Bernoulli and Euler numbers, can be deduced. 


Also we investigate some relationships between Multi poly-Bernoulli and Euler polynomials. 
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§1. Introduction 


Bernoulli numbers are the signs of a very strong bond between elementary number theory, 
complex analytic number theory, homotopy theory(the J-homomorphism, and stable homo- 
topy groups of spheres), differential topology(differential structures on spheres), the theory of 
modular forms(Fisenstein series) and p-adic analytic number theory(the p-adic L-function) of 
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Mathematics. For n € Z,n > 0, Bernulli numbers B,, originally arise in the study of finite sums 
of a given power of consecutive integers. They are given by Bo = 1, B, = —1/2, By = 1/6, Bs = 
0, Bs = —1/30,..., with Bony = 0 for n > 1, and 


n—-1 


1 n+1 
By =— y Bn, n21 1 
a | a) i (1) 


The modern definition of Bernoulli numbers B,, can be defined by the contour integral 


n! z dz 
Oni J eX —1 grt’ 


(2) 


n 


where the contour encloses the origin, has radius less than 27. 
Also Bernoulli polynomials B,,(a) are usualy defined(see[1], [4], [5])by the generating func- 
tion 


G(a,t) = 


te OS i 
arr es 2 Bal) lt] < 2m (3) 


and consequently, Bernoulli numbers B,,(0) := B, can be obtained by the generating function 


a rs 
ie mal 


Bernoulli polynomials, first studied by Euler (see[1]), are employed in the integral representation 
of differentiable periodic functions, and play an important role in the approximation of such 
functions by means of polynomials (see[14]-[18]). 

Euler polynomials £,,(x) are defined by the generating function 


Qext cad #r 
=o Bale I< (a) 
n=0 


e€ 


Euler numbers F,, can be obtained by the generating function 


The first four such polynomials, are 


Bo(x) = 1, By(z) = « — 1/2, Bo(x) = 2? —2 +1/6 
B3(x) = 2° — 3/22 + 1/2z,... 


and 
Eo(x) = 1, E\(x) = x — 1/2, Eo(x) = x? — 2, 
E3(x) = x? — 3/22? +1/4,... 


Euler polynomials are strictly connected with Bernoulli ones, and are used in the Taylor ex- 
pansion in a neighborhood of the origin of trigonometric and hyperbolic secant functions. 
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In the sequel, we list some properties of Bernoulli and Euler numbers and polynomials as 


well as recurrence relations and identities. 


k=0 
n+1 
E,(x) = ~~ S\(2 ra a '\e greek, (7) 
k=l 
B,(e+1)—- B,(z) =ne", (8) 
E,(a+1)+ E, (ax) = 2a” (9) 


B,(e+1)=)~ @ By (2) (10) 
k=0 
E,(«+1)= 5° (") E,(2) (11) 
Consequently, from (8), (9) and lemma 1.1, we obtain, 

pa ey By (x) = (n+ 1)a” (12) 
k=0 
oe .) Ex(2) + En(x) = 22”. (13) 
k=0 


Lemma 1.3 For any positive integer n > 0, we have 


p-1 
Bn(pz) = p™—* bs Br(a+ . (p is a positive integer) (14) 
r=0 
p-1 
r . ‘ 
Ey, (pz) =p" S°(-1)"En(a + A (p is an odd integer) (15) 
r=0 


Let us briefly recall k — th polylogarithm. The polylogarithm is a special function Lix(z), 
that is defined by the sum 


Co s 


Lig(z) = S- — (16) 


s=l1 
For formal power series Li,(z) is the k — th polylogarithm if k > 1, and a rational function if 
k <0. The name of the function come from the fact that it may alternatively be defined as the 
repeated integral of itself, namely that 


Lipgi(z) = i me) dt (17) 
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for integer values of k, we have the following explicit expressions 


Lii(z) = —log(1 — z), Lig(z) = Pie 1(z) = a2 
hi bay = coer Lia(2) = ante a 


The integral of the Bose-Einstein distribution is expressed in terms of a polylogarithm, 


foe) k 
ee ONE a zi (18) 


Lemma 1.3(see[18]) Forn € NU {0}, we have an explicit formula for Li_»(z) as follow 


Li_n(2) 2 Se a!) 


=a. (19) 


k=1 
(n = 1, 2,...) 


where s(n,k) are Stirling numbers of the second kind. 


Now, we introduce the generalization of Li,(z). Let r be an integer with a value greater 


than one. 


Definition 1.1 Let ki, ko,...k, be integers. The generalization of polylogarithm are defined by 


Mr 


; az 
Lik, keo,...,kp(Z) = S- Ki kp (20) 


M1,M2,...,MpEZ My 
0<mi<mo<...<mp 


The rational numbers BY, (n = 0,1,2,...) are said to be poly-Bernoulli numbers if they satisfy 


Li;,(1 — e~*) wz 
———_—_——_— eels 21 
ee -> (21) 


In addition, for any n > 0, B\ is the classical Bernoulli number, Bn (see[7], [12]). Also , the 
rational numbers HW (uw), (rn = 0,1, 2,...)are said to be poly-Euler numbers if they satisfy 


Lix(1 — et) = ie 
Ph) = Hw) (22) 


u—et 


where u is an algebraic real number and k > 1.(see/13],[19]) 


Definition 1.1(see[7]) Multi poly-Bernoulli numbers Be ‘aon (n = 0,1,2,...) are defined for 


each integer ki, ka,..., ky by the generating series 


Lie; jko,...,kr)1 —e*) SS ee al 
Hietasat =) _§ pont a 
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By Definition 1.2, the left hand side of (23) is 


1 (1—e7t)mr-r 
TaQks phe * » ka mbr 


0<m1<...<m, my ak 
MyZr 
hence we have 
plkivskr) 1 
9 1k ke phe 
plkuekr) 1 
1 a kp-a 


O0<mi<...<m, 
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(24) 


(25) 


(26) 


Definition 1.3 Multi poly-Euler numbers Hi Re (n = 0,1,...) are defined for each integer 


ky, ...,kp by the generating series 


(27) 


Kaneko [6] presented the following recurrence formulae for poly-Bernoulli numbers which 


we state hear. 


Theorem 1.1(Kaneko)((2,6,14,22]) For any k € Z and n > 0,we have 


m=1 
(—y™(m-yie 
ntl m—1 
BY) = (-1)" =k 
k=1 
min(n,k) 
n+1 k+1 
3) oa Seam) (nk 20) 
j=0 g+1] [j+1 
BC) = Bo” (n,k>0) 


where 


called the second type stirling numbers. 


(28) 


(29) 


(30) 


(31) 


(32) 


(33) 


Y.Hamahata and H.Masubuchi in [12], presented the following recurrence formulae for 


Multi poly-Bernoulli numbers. 
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Theorem 1.2(H.Masubuchi & Y.Hamahata) For n > 0 and (k1,...,kr € Z) we have 


Bikieeskr) — (34) 


Mr,p=Pr 0<mi<...< mM, 


If ky, A landn > 1, then 


n—1 
1 
BlPu-skr) =-— {a sy kp-i,kr—1) _ 3 Ge ‘) ato} (35) 


1 
Bus tad Kpaash) ara (36) 
n-1 
BOR ke—1) _yyn-m n n Blk kr—11) 
a ) : m . m—1 ue 
Also, they proved (see/1]) if 
r-1 
~ 
Bir] ® = BO: 0m) (37) 
then forn,k > 0, we have 
BirJC® = Biro” 38 
n k 


In [23], [24], Q.M.Luo, F.Oi and L.Debnath defined the generalization of Bernoulli and 
Euler polynomials B,(x, a,b,c) and E,,(a, a,b,c) respectively, which are expressed as follows 


i a 
ae Z = eens oT (39) 
=0 
Qert 2S tk 
bt +at = Daher On (40) 


In this paper, by the method of Q.M.Luo and et al [11], we give some properties on generalized 
Multi poly-Bernoulli and Euler polynomials 


Definition 1.4 Let a,b > 0 anda 4 b. The generalized Multi poly-Bernoulli numbers 
Bike he) Cg, b), the generalized Multi poly-Bernoulli polynomials 


Boar kg a,b) and B&F) (a, a,b,c) 
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are defined by the following generating functions, respectively; 


Licey,..ske) (CL — (4b)™) SS pes ok i” 2m 
peek i Bt ok) (ag. by) t ee ee, Al 
—atyr i me a us Ina +Inb a 
aa » ( 
Li(ies,..skr)(1 — (ab)~*) np ” 2m 
peor rat BR kr) -a.b)— t aT ares 42 
=e > : (ab). ll< ama (42) 
Liviy,...kp)(1 — (€b)) ee ” 2n 
seg he ret BR kr) ‘ b eo. t a 43 
(vt —aty » n (a; a, 1c), | | < |Ina + Ind ( ) 


Definition 1.5 Leta,b > 0, anda 4 b, the generalized Multi poly-Euler numbers Hite Re) (u; a, b), the 


generalized multi poly-Euler polynomial Hr (x; u, a,b) and HE ->*r (a; u, a,b,c) are defined 


Litis,okey)—e9) SF. aa ok ‘” 2m 
poker = Hue r) b)— t —— 44 
ute BOD HS Tain 
Li (1 —e('-)) = ie Qn 
(k1,...,kr) rot __ (k1,.-, kr) (ap —— 
Ee = H. b)— t 45 
(ua-* — BEF e d n (x; u, a, a | | < |Ina+ Ind ( ) 
Li (1 — e(t-¥)) = ie Qn 
(k1,.--,kr) rat __ (K1,--sKr) (ape — oo 
ani Tr a ee b,c)—, |t 46 
(ua-t — bt)r G Ds, n (4,4, Co Hel < |Ina + Inb| 46) 


n=0 


§2. Main Theorems 


In this section, we introduce our main results. We give some theorems and corollaries which 
are related to generalized Multi poly-Bernoulli numbers and generalized Multi poly-Euler poly- 
nomials. We present some recurrence formulae for generalized Multi-poly-Bernoulli and Euler 


polynomials. 


Theorem 2.1 Let a,b>0 anda b, we have 


Blhi,-skr) (a, b) = Blk kr) —Inb (Ina 4 In b)” (47) 
Ina+I1nb 


pa ( = 
(b® = a-*)r = ome! n! 2 
Litiy,...sbe)(1 — (ab)-*) _ 1 f Ligin,...,e,)(1 - 79) 
(b® = a—*)r pzr el =, e-vln abr 


— p-arind (He saves kL Se *) 


( _ e—wlnab)r 
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So, we get 


mr 


Tide xy moe Oe) —Inb x 
ate = Bekker) 1 Inb)? 
(b®& — a~*)r 2s i Ina+I1nb Ina-inb) n! 


Therefore, by comparing the coefficients of a on both sides, proof will be complete 


—Inb 
BR kr) b) = Blk kr) l Inb)” 
n (a, ) n Ina+Inb (Ina + nh ) 


The generalized Multi poly-Bernoulli and Euler numbers process a number of interesting 
properties which we state here 


Theorem 2.2 Leta,b>0 anda#b. For real algebraic u we have 


Theorem 2.3 Let a,b >0,a 4 banda>b>0, we have 


j . 
Bik) (a,b) = S$" (—r)*(Ina + Inb)'(Inb)y~* e ) Bea, (49) 
i=0 


By applying Definition 1.4, we have 


(b® = a—*)r pxr ql ai e—aln ab\r 
ee — (In b)* k,.k k — (k1,...,kr) nt” 
_ (>: me (-1) Bi : (Ina + Inb) or 


oo ( 2 61 ; 
= (Sp et eee 
'(7 — 4)! 
5 ta il(j — 7)! 
By comparing the coefficient of on both sides, we get. 


j : 
BE K (Gb) = So(—r(na + Ind)! (n by" (7) Bihtroke) 
i=0 


By the same method proceeded in the proof of Theorem 2.3, we obtained similar relations 
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Theorem 2.4 Let a,b>0, andb>a>0. For algebraic real number u, we have 


Hi sated ky) (u; a, b) = S- ri (Ina +4 In b)'(In ay * (") oe 
a 
i=0 
Theorem 2.5 Let x € R and conditions of Theorem 2.3 holds true, then we get 


BES ia be) = 5 ()) rl dn ota) (a, bat 
1=0 


Proof By applying Definitions 1.4 and 1.5, proof will be complete. 


Theorem 2.6 Let conditions of Theorem 2.5 holds true, we obtain 


Hbas-oke) (u; x, a,b,c) = 

: l 
oD () pe ae) eee 
k=0 


: ny n— n- Rises ky. —Inb Wie 
| )r *(Inc) * Bl : (ag (ina + nb) ae 
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(50) 


(51) 


(52) 


(53) 


(54) 


Proof By applying Theorems 2.1 and 2.5, we get (53), and Obviously, the result of (54) is 


similar with (53). 


Theorem 2.7 Let conditions of Theorem 2.5 holds true, then we get 


=n @ (5) *(in.c)"-* (In b)*- (In a + nb) BU Fr) gn 


n k 
k : ; 
— ys (;) ( Je (In c)"—* (Ina)* j(Inc + Indy HM ie kr) 9n—k 


n 


b 
Bypook) @ 41; 0; bye) = BL") (eye, — 50) 
Cc 


Hot-okr) (uy 1 — a, ac, b,c) = BUY) (yu, —2, ac, -,¢) 
c 


Bye") (a + y3a,b,0) = Yo GC mF (In c)* * BY) (a; a,b, cy" 
k=0 


Hib) aie 4g a5 b,0) = (eer ahaa b, cy" 


(55) 


(56) 


(57) 
(58) 


(59) 


(60) 
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Proof We only prove (59) and (55)-(60) can be derived by Definitions 1.4 and 1.5. 


Li (1 — (ab)~') = ‘a 
PAs este) ES (O71) otuyrt > plbienke) — 
= Licg, err k yd - (ab) ) art iyrt 
(bE a~t)r 

= (>. Br ker) (qr: a, b, c) “) (yeu y’( nc)! *) 

n=0 

co n t” 
= (>: @ pr—ky—k (In chk Bie afte) mtesas — 

k n! 
n=0 \k=0 


So by comparing the coefficients of a in the two expressions, we obtain the desired result 2.13. 


Theorem 2.8 By the same method proceeded in the proof of previous Theorems, we find similar 
relations for BY °*r “(t) and Hite ")(u,t). 


Now, we present formulae which show a deeper motivation of generalized poly-Bernoulli 


and Euler polynomials. 


Theorem 2.9 Let x,y € R and conditions of Theorem 2.5 holds true, we get 


—Inb+alne 
Bt gheey ky) b =(] l bp)? Bs saat ky) 
(Po) (2, a,b, 6) = (Ina + Ind)" Bh a (63) 
Ina+alnc 
Hi er k,) : b = Hi 59.555, ky) : 64 
(ho) (us 2, 0,0) = HE oa (64) 
Proof We can write 
= Li (1 — (ab)~*) 
(k1,.-., kr) =, (k1,.-,kr) art 
2B 1 (x; a, b,c) — o ar 


pre (1— (any ue 


svete reine) Lie phe) (1 = eT) 
(1 -— e —tIn abr 
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GI-Sang Cheon and H.M.Srivastava in [8],[10] investigated the classical relationship be- 


tween Bernoulli and Euler polynomials . Now we present a relationship between generalized 


Multi poly-Bernoulli and generalized Euler polynomials. The following relation (65) are given 


by Q.M.Luo, So by applying this recurrence formula, we obtain Theorem 2.10, 


Ex(a + 1,1,b, b) + Ex(a,1,b,b) = 2a*(In b)* 


Theorem 2.10 Let a,b >0, we have 
1 n 
sh; ) [Be is *)(y, a,b) + BE") (y + 1,4, 8)] 7°" By _ie(a, 1, 6,8) 
k=0 
Proof We know 
Bitok) (a + 95 1,b,b) = zi" hinge * Be Ged. bbe * 
Fale +y,1,5,8) + Ea(e,1,,8,8) = «*(Inb)" 


So, we obtain 


a! 
i 
k=0 


n—k 
(En —m (a3 1, b, b) + LS (5) Bs(0.1.8.0) 


(;) prk Bk) Oy 1b, ’) Ene (3 1, b, b) 


k 
0 
ere oi kB (a5 1,8,8) > (PT robe) 1b, b) 
eax) j a gts 


1 n 
= ss (eae peeieg Ry. 1, b, b) En p(x; 1, b,b) 
k=0 


ey Gc eee Se 
+5 (")r te hae (y + 1;1, 6, 6) E; (a; 1, 6, b) 


(65) 


(66) 
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So we have 


1 n 
“3 (;) [Ber (y,a,b) + BE (y +1, a, 8)] 2 Enna, 1, 8,0) 
k=0 


Therefore we obtain the desired result (66). 


The following corollary is a straightforward consequence of Theorem 2.10. 


Corollary 2.1(see [8],{10]) In Theorem 2.10, if we setr =1,k=1 andb=e, we obtain 


B,(x) = > (;) By En—z(2). (67) 


Further work: In [25], Jang et al. gave new formulae on Genocchi numbers. They defined 
poly-Genocchi numbers to give the relation between Genocchi numbers, Euler numbers, and 
poly-Genocchi numbers. After Y. Simsek [26], gave a new generating functions which produce 
Genocchi zeta functions. So by applying a similar method of Kim-Kim [4], we can introduce 
generalized Genocchi Zeta functions and next define Multi poly-Genocchi numbers and obtain 
several properties in this area. 


Acknowledgments: The authors wishes to express his sincere gratitude to the referee for 
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Abstract: In this paper we give three upper bounds for the largest. of minimum degree 


Laplacian eigenvalues of a graph and also obtain a lower bound for the same. 
Key Words: Minimum degree matrix, minimum degree Laplacian eigenvalues. 
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§1. Introduction 


Let G = (V,£) be a simple, connected graph with vertex set V = {v1,v2,...,Un} and edge 
set FE = {e1,€2,...,@m}. Assume that the vertices are ordered such that dj > dp >... > dn, 
where d; is the degree of uv; for 7 = 1,2,...,n. The energy of G was first defined by I.Gutman 
[5] in 1978 as the sum of the absolute values of its eigenvalues. The energy of a graph has close 
links to Chemistry( see for instance [6]). The n x n matrix m(G) = (dj;) is called the minimum 
degree matrix of G, where 
i min{d;,dj;} if v; and v; are adjacent, 
0 otherwise. 

This was introduced and studied in [1]. The characteristic polynomial of the minimum degree 
matrix m(G) is defined by 


o(G;A) = det(AI — m(G)) 
SS Ne A eg a ee ee (1.1) 


where J is the unit matrix of order n. The minimum degree Laplacian matrix of G is L(G) = 
D(G) —m(G), where D(G) = diag(dj, d2,...,dn). L(G) is a real, symmetric matrix. The mini- 
mum degree Laplacian eigenvalues [11, j12,..., ln of the graph G, assumed in the non increasing 
order, are the eigenvalues of L(G). The Laplacian matrix of G is L1(G) = D(G) — A(G), where 
A(G) is the adjacency matrix of G. The eigenvalues of the laplacian matrix L1(G) are im- 
portant in graph theory, because they have relations to numerous graph invariants including 
connectivity, expanding property, isoperimetric number, independence number, genus, diame- 


ter, mean distance, and bandwidth-type parameters of a graph(see, for example, [2,3,9,10]). In 
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many applications one needs good bounds for the largest Laplacian eigenvalue (see for instance 
[2,3,9,10]). In this paper, we give three upper bounds and a lower bound for ju; the largest of 
minimum degree Laplacian eigenvalues of a graph. 


§2. Main Results 


In this section, we will give three upper bounds for pz; the largest of minimum degree Laplacian 
eigenvalues of a graph. We employ the following theorem to prove one of our main results. 


Theorem 2.1([4]) Let G be a simple graph with n vertices andm edges, and let Il = (di, d2,...,dn) 
be the degree sequence of G. Then, 


2m 


C+ da+...4d0 <m( +n—2). 


n-1 


Theorem 2.2 Let G be a connected graph with n vertices and m edges. Then 


2m +4] (n—1) [n(2lec] +m( 22 4+n-2))— 4m?] 
SSS SSS SSeS SS 
n 
where cz is the coefficient of °~? in det(AI — m(G)). 


Proof Clearly 


patbet..ttin =Trace[L(G)}= So dy, (2.1) 
vEV(G) 
wp tpg t... +p =2leo|+ 5° d?. (2.2) 
t=1 


By Cauchy-Schwarz inequality, we have 


(>: abs) < (>: «) ps «) (2.3) 


Putting a; = 1 and b; = yy; for i = 2,...,n in (2.3), we get 


(321-1) < (n-1) (So1t-18). 


Using (2.1) and (2.2) in above inequality, we obtain 
2 


yi dy —pi | <(n—-1) 


vEV(G) 


i=1 


2|c2| + ya] — (n—1)py. 


After some simplifications, we deduce that 
2 2 


ney — S- dy | +(n-1) S- dy < n(n —-1) 


vEV(G) vEV(G) 


2|c2| + ya , 


i=1 
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Le., mn- >) dy<|(n-1) nial + Sa) - (Soa) ' 


vEV(G) i=) 


Therefore 


a+ (n—1) |n (aea1+ So] = (s«) 


i=1 


a aE a (2.4) 
n 


Employing Theorem 2.1 and S- d; = 2m in (2.4), we see that 
i=1 


2m +4/(n—1) [r(2lec] + m(2% +n —2))— 4m?| 


bis 
nr 


This completes the proof. 


The following theorem gives another type of upper bound for ju1. 


Theorem 2.3 Let G be connected graph with n vertices and m edges. Then 


ba < \/2d? + 4m — 2d3(n — d)). 


Proof Suppose that X = (a1,%2,23,...,2n)’ be an eigenvector with unit length corre- 
sponding to 441. Then 
L(G)X = 1X. 
Hence, for u € V(G), 
M1ity = duty _ S- duy&y.- 


v € V(G) 
vfxu 
Here x, we mean x; if u = v;. Therefore 
ty, = S- (ty — min(dy, dy)xy). (2.5) 


vue E(G) 


By Cauchy-Schwarz inequality, we have 


pea < x i ye (ty — min(dy, dy)2y)* 


vue E(G) vu€ E(G) 


=d, S- go + S- min(dy, dy)?2? — 2a ymin(dy, dy) xy 
vu€ E(G) vu€ E(G) 


Observe that 


—20y, S- min(dy, dy)£y < dyx? + S- min(dy, dy)?x?. (2.6) 
vue E(G) vue E(G) 
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pan? < dy Sc g + Se min(dy, dy)?2? + dyx? + y min(dy, dy)?x? 


vue E(G) vue E(G) vue E(G) 
. 2,2 2,2 . 2,2 
ie., pyar, < 2di,x%, + 2dy, S- min(dy, dy)" x5. (2.7) 
vue E(G) 
Consequently, 
Hy = Ti S- fi 
ueV(G) 
< So [2da2+2d. S > min(du,dy)?a?] 
ueV(G) vue E(G) 
=2 S- dat +2 S- dy S- min(dy, dy)?x?. 
ueV(G) ueV(G) vue E(G) 
Thus 
ie Sd S- dy x min(dy, dy)? x?. (2.8) 


ueV(G) vue E(G) 


Now let v ~ u mean that u and v are not adjacent. Then 


S- dy Ss min(dy, dy)?x? 


ueV(G) vue E(G) 


ys dy[1 — S- min(dy, dy)?x2] = 2m — S- dy, Ss min(dy, dy)? x? 


ueV(G) veU ueV(G) veU 


= 2m — .> dyumin(du, dy)? x? + S- dy s min(du, iy te, 


ueEV(G) uEV(G) VKU,VFU 
<2m—|{d, So duit So dn SO Axe 
uweV(G) ueEV(G) veu,v~U 
= In -| a S- dyx? + S- d3(n — dy — 1)2? 
ueV(G) ueV(G) 
=Im-|d, So dueht+d, So nei-G SO duxi-d& SO xe 
ueEV(G) ueEV(G) ueV(G) ueV(G) 


< 2m — d S- (n — d,)a? 
ueV(G) 
= 2m — d3(n — dy). 
Hence, employing this in (2.8) we have 


pe < 2d? + 4m — 2d3 (n — dy). 
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Therefore 
Mis 4/ 2d? + 4m — 2d3(n — dy). 


Theorem 2.4 Let G be a connected graph then 
[iy < max ( 2(d2 + d?mudu) : we v@)) : 


Proof From (2.7) we have 


pen? < 2d2x? + dy bs min(dy, dy)?x?. 


vue E(G) 
Thus 
ne ye G <2 S- dx? +2 S- dy oe min(dy, dy)*x?. 

uEV(G) uEV(G) uEV(G) vue E(G) 
<2 dt Da Te 

uEV(G) ueV(G) vue E(G) 
29S) ae ea ee 

ueV(G) ueV(G) vue E(G) 


=2 S- ax + di 3s x2 mudu 
ueEV(G) ueEV(G) 


where m,, = average degree of the vertices adjacent to wu. 


So, 
fi < /2 SS (d2 + d?mudy) 22. 
ueV(G) 
Hence 


fa < max { 2(d2 + d?mudu) : we via} 


§3. Lower Bonud for Spectral Radius of Graphs 
In this section we establish a lower bound for the spectral radius pu; of G. 


Lemma 3.1([7][8]) Let M be real symmetric matrix with eigenvalues 1 > 2 >... > An. Given 
a partition {1,2,...,n} =A, UAgU...UA, with |A;| =n; > 0, consider the corresponding 
blocking M = (M;;), so that Mi; is an ni x nj block. Let e;; be the sum of the entries in Mj, 
and put B= (=) i.e.,( = is an average row sum in Mj;). let 71 > 2 >... > Im be the 


re 


eigenvalues of B. Then the inequalities 
MZ Yi 2 An—m4i (i =1,2,...,m) 


hold. Moreover, if for some integerk, 1<k<m,A\;=% fori =1,2,...,k and An—-ms+i = Vi 
fort=k+1,k+2,...,m, then all the blocks Mj; have constant row and column sums. 
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Let G be a connected graph with n vertices and m edges. Let Vi = {v1,v2,..-Un,} and 
V2 = {Un, 41; Uni +2---Un} be two partitions of vertices of graph G. Let 


1 ny : 1 n-ni ; 
PL nL min(d(vi), d(v;)), r2 = n—n, a min(d(Un, +i), d(vny+3)), 
i,j=1 tg = 
aAG tA 
= n-ni1 _] n-ni1 
ky == DP min(d(vi), demas), Re = Yin (vn +), C03) 
pane j= ae 
iFG 
Ree S> dv) d : S> dv) 
es — Vv 
1 m4 v), 2 n—ny ’ 
vEeVi vEV2 


where d(v) is the degree of the vertex v of G. Now we prove the following theorem. 


Theorem 3.2 Let G be a connected graph with n vertices and m edges, then 


1 
1 > 3 ide + dy —7T2—-T1 + V (do dy T2 t ry)? Aky ke}. 


Proof Rewrite L(G) as 


Ly, Ly 


L(G) = 
La, Lae 


For 1 <i, 7 < 2, let e,; be the sum of the entries in L;; and put B = (e;;/n;). Then 


B= dj — Tr, ky 
kg dz — T2 
and so 
A — (dy — —k 
pre B= a) : 
—ko A — (dz — 12) 


Therefore we have 


1 
A= ida + di — 12 74 cE (dz — dy — re +11)? —Akyko}. 


Thus by Lemma 3.1 we get 


1 
1 > 5 ide t dy T2 TL } (do dy T2 t ry)? Aky ke}. 
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